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A posteriori methods A priori methods

Proper Orthogonal
Decomposition (POD, PCA)

Proper Generalized
Decomposition (PGD)

Dimensionality reduction
D>>d

Manifold of solutions
High dimensionality D

Reduced Manifold of solutions
Reduced dimensionality d

Solving the solution directly
in the Reduced Dimensionality d
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Proper Generalized Decomposition (PGD)

• The strong form of the problem is defined as 

• The solution is approximated as 

• The weak form is

Example: Poisson problem

• Test function is chosen as
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Cueto, E., González, D., & Alfaro, I. (2016). Proper generalized decompositions: an 
introduction to computer implementation with Matlab. Springer.
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

ρ+T∂im −∇ · F∇m = 7(t, i) JOΩ× I 

m = m. PO Γ. × I 

m = m0 POΩ× \�^�
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Heat Transient Equation
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PGD applied over Finite Element Methods 

Linear Function approximation

N1 =
hb� x

b� a

i

N2 =
hx� a

b� a

i

Heat Transient Equation
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PGD applied over Finite Element Methods 

Linear Function approximation 

Elemental function

N1 =
hb� x

b� a

i

N2 =
hx� a

b� a

i

T e = NeTTe = N1T1 +N2T2

NeT = [N1 N2] Te =


T1

T2

�

Heat Transient Equation
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Galerkin projection 
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Z
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!kL(T̄ )d⌦ = 0

Heat Transient Equation
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Galerkin projection 

Residual weights applied to our equation: 
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Galerkin projection 

Residual weights applied to our equation: 

Using same approximation functions for weights: 
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Applying Green’s Theorem: 
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Applying Green’s Theorem: 

Remember our boundary and initial conditions:
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Applying Green’s Theorem: 

Remember our boundary and initial conditions:
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Smoothed equation after applying Green: 

Heat Transient Equation
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Heat Transient Equation
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Matrix definition (for clarity): 

52
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Heat Transient Equation
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Matrix definition (for clarity): 

Final FEM equation to solve:
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dt

o
+ [K]{T} = [F ]

Heat Transient Equation
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Moving to PGD 

54
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Heat Transient Equation: PGD
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Moving to PGD 

Applying Green’s theorem 
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Heat Transient Equation: PGD
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Moving to PGD 

Applying Green’s theorem 

Separated representation of the solution:
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Linear function approximations: 

57

Fi(x) = N1Fi +N2Fi

Heat Transient Equation: PGD
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Linear function approximations: 

Element matrix interpolation: 
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Fi(x) = N1Fi +N2Fi

T (x, t) =
nX
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[NTFi M
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Heat Transient Equation: PGD
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Linear function approximations: 

Element matrix interpolation: 

Separated representation also applied to T*: 

59

Fi(x) = N1Fi +N2Fi

T (x, t) =
nX

i=1

[NTFi M
TGi] +NTRMTS

T ⇤(x, t) = R⇤(x)S⇤(t) = R⇤(x)S(t) +R(x)S⇤(t)

Heat Transient Equation: PGD
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Linear function approximations: 

Element matrix interpolation: 

Separated representation also applied to T*: 

Same matrix interpolation:
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T (x, t) =
nX

i=1
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T ⇤(x, t) = NTR⇤ MTS +NTRMTS⇤

Heat Transient Equation: PGD
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Polynomial interpolation: 
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Heat Transient Equation: PGD
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Polynomial interpolation:

62
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Polynomial interpolation also to the source term:

63
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Heat Transient Equation: PGD
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Grouping all terms:

64
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Alternating Direction algorithm, assuming S known, looking 
for R (it implies S* -> 0):
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Alternating Direction algorithm, assuming S known, looking 
for R (it implies S* -> 0):
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Estimating R:

68

⇢Cp
nX

i=1

h Z

⌦
[R⇤T

N NTFi][S
TM dMTGi]

i
+ ⇢Cp

Z

⌦

h
[R⇤T

N NTR][STM dMTS]
i
+

Kx

nX

i=1

h Z

⌦
[R⇤T

dN dNTFi][S
TM MTGi]

i
+Kx

Z

⌦

h
[R⇤T

dN dNTR][STM MTS]
i
=

mX

h=1

h Z

�
[R⇤T

N NTah][S
TM MT bh]

i
d�

⇢cp

Z

⌦
T ⇤ @T

@t
d⌦+ kx

Z

⌦

@T ⇤

@x

@T

@x
d⌦ =

Z

�
T ⇤f(x, t)d⌦

GROUPING!

Heat Transient Equation: PGD



Lecture 2: Introduction to Proper Generalized Decomposition Techniques

Estimating R:
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Estimating R:
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Matrix definition (for clarity): 
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Heat Transient Equation: PGD
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Parametric Heat Transient Equation
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