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Model Order Reduction (MOR) Methods

A posteriori

/
MOR Methods
\

A priori

A posteriori methods:

e Built after computing some solutions of the system or the whole set
of solutions.

e Especially useful when the model has a relatively small number of
parameters but many observations.

e Most famous example is Proper Orthogonal Decomposition (POD)
based on Principal Component Analysis (PCA).

e Reduced Basis Method (RB) is another example.
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MOR Methods

/ A posteriori

e Built without the need of pre-computing any solution of the problem.
e Based in the knowledge of the equation that governs the problem.

e A representative example of this kind of methods is the Proper
Generalized Decomposition (PGD).

MOR Methods

A priori methods:
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Proper Generalized Decomposition (PGD)

Problem stated by its governing differential equation:
L(u) =0 in

Key point: Assumption that the solution of the governing equation can
be approximated as a finite sum of products of functions depending only
oh one variable.

N
w(xy, Loy ..., Tp) R Z Fi(m) - F(x2) - . - FP(ap)
i=1

where N is the number of sums (called modes) and u is the solution of the
equation depending on D independent variables:

e Physical space variables (cartesian coordinates)
e Parameters that modify the behavior (F, v in linear elasticity).
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MOR Methods
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MOR Methods

No reduction:

Dim = M; x M2 x M3

Separate variables reduction: /
dim = My x N + Mz x N + M x N
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MOR Methods

No reduction:

| CURSE OF
Dim = M; x M2 x M3 DIMENSIONALITY!

Separate variables reduction: /
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MOR Methods

No reduction:

| CURSE OF
Dim = M; x M2 x M3 DIMENSIONALITY!

Separate variables reduction: /
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MOR Methods

A posteriori methods

E.g. Proper Orthogonal
Decomposition (POD)

Manifold of solutions
High dimensionality D

Projected space
Reduced dimensionality d

~_ 7

Dimensionality reduction
D>d
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A priori methods

E.g. Proper Generalized
Decomposition (PGD)

Solving the solution directly
in the reduced dimensionality d




Proper Generalized Decomposition (PGD)

Example: Poisson problem
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Proper Generalized Decomposition (PGD)

Example: Poisson problem

« The strong form of the problem is defined as

Au = —f(x1,22,...,2D)
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Example: Poisson problem

« The strong form of the problem is defined as

Au = —f(x1,22,...,2D)

« The solution is approximated as

u(xla L2y eey .CUD) — Z?:l Hszl Fk] (xk)
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Proper Generalized Decomposition (PGD)

Example: Poisson problem
« The strong form of the problem is defined as

Au = —f(x1,22,...,2D)

« The solution is approximated as

u(xla L2y eey .CUD) — Z?:l Hszl Fk] (xk)

« The weak form is

Jo Vu* - VudQ = [, u* f d$2
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Proper Generalized Decomposition (PGD)

Example: Poisson problem
« The strong form of the problem is defined as

Au = —f(x1,22,...,2D)

« The solution is approximated as

U(Zlfl, L2y eey .CUD) — Z?:l Hszl Fk] (xk)

« The weak formis
>k o >k
Jo Vu* - VudQ = [, u* f d$2
o Test function is chosen as

u*(ilil,.ilj‘g,.. . ,ZIJD)

— RT(SBl) ' RQ(Q?Q) C RD(ZCD) -+ ... —|—R1(331) . RQ(ZCQ) C *D(ij)
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Cueto, E., Gonzalez, D., & Alfaro, I. (2016). Proper generalized decompositions: an
introduction to computer implementation with Matlab. Springer.
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Heat Transient Equation
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Governing Equation:

pcp0iu —V - EVu
u(x, t) = U
U

fle,t) inQ xZ,
Up onl'p xZ,
Uy on () x {0}.
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Heat Transient Equation

ou(x, t 0 u(x, t
PCp ét )_k 35132 ) :f(il?, t)

Structure of the solution as a sum of n products of separate functions
FZ(ZU) and Gz(t)

u(z, t) ~ Z[Fz(l’) - Gy4(1)]

The source term is decompose in the sum of m products of separate
variables

Zf&h - Jon (1)
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Heat Transient Equation
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Heat Transient Equation

PGD applied over Finite Element Methods

Linear Function approximation

b—x
Ni= i
: b— a

{x—a} -
b—a . b

No
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Heat Transient Equation

PGD applied over Finite Element Methods

Linear Function approximation

b—x
Ni= i
: b— a

T — a .
N2:|:b_a/i| . b >

Elemental function

T¢ = N° T¢ = NiTy + NoTo
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Heat Transient Equation

Galerkin projection

/Q o L(T)dQ = 0
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Heat Transient Equation

Galerkin projection

/Q o L(T)dQ = 0

Residual weights applied to our equation:

0T 9, 0T
—df) — — | dS) = fdf)
i [ ol i | i
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Heat Transient Equation

Galerkin projection

/Q o L(T)dQ = 0

Residual weights applied to our equation:

T o OT
“=a0 - =ld = [ wfdo
Jyrenanggin= | g [heggldn = [ w

Using same approximation functions for weights:

/pcp —dﬂ /N k — dQ /NfdQ
0 (937
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Heat Transient Equation

/pcp —dQ /N k —— dﬂ /Nfdﬂ
0 ox
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Heat Transient Equation

N,;1dS)
Q
Applying Green’s Theorem:
0T ON; 0T
N; — k—dQ—kN— — k. — )
/ 8x " 0x . o Oxr Ox
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Heat Transient Equation

Applying Green’s Theorem:

OT ON; 0T
N, — —|dQY =k, N,—| —k, —df)
/ 8x k d & " Ox g o Ox 6’xd

Remember our boundary and initial conditions:

T(x,0) =0, T0,t) =T(m,t) =~ 0
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Heat Transient Equation

Applying Green’s Theorem:

/N k—dﬂ—kN-
ox

Remember our boundary and initial conditions:

T(x,0) =0, T0,t) =T(m,t) =~ 0
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Heat Transient Equation

Smoothed equation after applying Green:

N; 0T
pcp/N—dQ + kg 0 a_dﬂ /Nifdﬂ
Q

o Oxr Ox
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Heat Transient Equation

Smoothed equation after applying Green:

ON,; 0T
N; _dQ k. —dQ) = | N;{d2
P / o Oxr Ox /Q )

Polynomial functions to interpolate the solution:

ON,; ON,;
N; N —dﬂ k. L TdQ) = N; N fdf)
”"p/ TR R /ﬂ i
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Heat Transient Equation

Matrix definition (for clarity):
] = pe, / N, N, d©
Q

[K]:kx/ Wi AN 10
o dr dx

F| = /Q N;N; fdS)
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Heat Transient Equation

Matrix definition (for clarity):
] = pe, / N, N, d©
Q

K| = kx/ Wi AN 10
(2

dr dx

F| = /Q N;N; fdS)

Final FEM equation to solve:

S} KT = [F
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Heat Transient Equation: PGD

Moving to PGD
oT 0°T
T*——dQ +k, | T"=—=dQ = [ T"f(x,t)d
pcp/Q 5 T /Q 572 /1“ f(z,t)
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Heat Transient Equation: PGD

Moving to PGD
oT 0°T
T*——dQ +k, | T"=—=dQ = [ T"f(x,t)d
pcp/Q 5 T /Q 572 /1“ f(z,t)

Applying Green’s theorem

oT or* oT
T —dQ + k, Q= [ T"f(x,t)d2
pcp/Q > d$) + k o 8xd /1“ f(z,t)d
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Heat Transient Equation: PGD

Moving to PGD
oT 0°T
T*——dQ +k, | T"=—=dQ = [ T"f(x,t)d
pcp/Q 5 T /Q 572 /1“ f(z,t)

Applying Green’s theorem

oT or* oT
T —dQ + k, Q= [ T"f(x,t)d2
pcp/Q > d$) + k o 8$d /1“ f(z,t)d

Separated representation of the solution:
n

T(x,t) =Y [Fi(2)Gi(t)] + R(x)S(t)

1=1
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Heat Transient Equation: PGD

Linear function approximations:
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Heat Transient Equation: PGD

Linear function approximations:

Element matrix interpolation:
(4’

T(x,t)=>» [N'F,M"G;]+ N'"RM"S
1=1
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Heat Transient Equation: PGD

Linear function approximations:

Element matrix interpolation:
(4’

T(x,t)=>» [N'F,M"G;]+ N'"RM"S
1=1

Separated representation also applied to T*:

T*(x,t) = R*(2)S*(t) = R*(2)S(t) + R(z)S*(t)
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Heat Transient Equation: PGD

Linear function approximations:

Element matrix interpolation:
(4’

T(x,t)=>» [N'F,M"G;]+ N'"RM"S
1=1

Separated representation also applied to T*:
T*(x,t) = R*(2)S*(t) = R*(2)S(¢) + R(x)S* (¢)

Same matrix interpolation:

T*(xz,t) = N'R* M*S+ N"RM*'S*
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Heat Transient Equation: PGD

Polynomial interpolation:

%—f = [NTF,dM"G;]+ [N"RdM™S]
1=1

oT - T T T T

o = Y [ANTF; MTG;] + [dNTRM™S)]

1=1
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Heat Transient Equation: PGD

Polynomial interpolation:

T <

8& =) [NTR*dM" S|+ [N"RdM" 5]
1=1

oT* <

= > [dNT"R* M"S] + [dN"R M" 5*]

1=1

Ox
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Heat Transient Equation: PGD

Polynomial interpolation also to the source term:

T*f(z,t) = [NTR*M"S + NTRM"S*] ) [NTapnM"by]
h=1
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Heat Transient Equation: PGD

pcp/T*a—TdQ k. o 0TdQ:/T*f(x,t)dQ
Q I

Grouping all terms:

/Q INTR* MTS + NTR MTS*],OCP{Z[NTF@ dMTG;) + [NTR dMTS]] A+
/ ANTR* MTS + dNTR MT S*|K [Z INTF, MTGy] + [dNTRMTS]} 40 =
Q i=1
/ IN'R* M*'S + N'R M* S*] {Z Tan M bh] dl’
L h=1
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Heat Transient Equation: PGD

pcp/T*a—TdQ ko o 8TdQ:/T*f(x,t)dQ
Q r

Alternating Direction algorithm, assuming S known, looking
for R (it implies S* -> 0):

/ INTR* MTS + NTR MTS*],OCP{Z[NTF@ dMTG;) + [NTR dMTS]] A+
{2 i=1
/ [AN* R* M*'S +dNTRMTS*]Kw[Z[dNTFi MTGi]Jr[dNTRMTS]} d§) =
0 i=1
/ IN'R* M*'S + N'R M* S*] {Z Tan M bh] dl’
L h=1
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Heat Transient Equation: PGD

pcp/T*a—TdQ ko o 8TdQ:/T*f(x,t)dQ
Q r

Alternating Direction algorithm, assuming S known, looking
for R (it implies S* -> 0):

1=1

1=1

Ms

/ INTR* M*'S + ]\M S*]pC, {Z[NTFZ- dM*G;]+ [N'R dMTS]}
Q2

/ [ANTR* M*' S + dW S* 1K, [Z[dNTFi M*G;] +[dNTR MTS]}
Q2

/ N R* MTS+]\%* [ Nta, M bh] dT
r | h=1 i

df )+

df) =
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Heat Transient Equation: PGD

Estimating R:

/ [[NTR* MTS]pC, S INTF, dMTGZ-]] o + / [[NTR* MTS)pC,[NTR dMTS]} A0+
¢ i=1 Q

/Q [[dNTR* MTS|K, Zn:[dNTFi MTGi]}dQ + /

[[dNTR* MTS|K,[dNTR MTS]} 40 =
Q

NTa), M bh}_dr

MS

/ _ INTR* MT 8] [
r

h=1
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Heat Transient Equation: PGD

Estimating R:

pC’pzn: [/ [R*TN NYF][S*M dMTGZ-]} + pCp/
i=1 7§

(RN NTR|[S"M dM" ]|+

K, 2: [ /Q [R* dN dNT F;)[ST M MTGZ-]] + K, /Q [[R*TdN dNTR)[ST M MTS]] _

GROUPING! > [ [(r" N N7ay)is™ar 0" Jar
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Heat Transient Equation: PGD

0T T 0T
pcp/ T*—d) + k, i
Q

Estimating R:

pC’pzn: [/ [R*TN N'F,
i=1 7§



Heat Transient Equation: PGD

Estimating R:
pcpzn: [ /Q B/ N NTF)[S™M AMTGy]| + pCp /Q [[ﬁ/ N NTR[STM dM” 5]+
szn: [ /Q [/ AN aNTF)[S"M M7 G| + K, / [[;/dN ANT R)[S" M M"S]| =

Em: [/MN NTa,][ST M MTbh]]dr
h=1 “L




Heat Transient Equation: PGD

Estimating R:

pC’pZ [/ N NP F][S* M dM* G, ]} +pCp/

i [V NTR][STM dMT 5]+

Ko Z [ / [dN dN" F;][S" M MTGZ-]} + K, / [[dN ANTR][ST M MTS]} _
. Q

Em: [ / (N NTa][STM MTbh]]dF — 0
h=1
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Heat Transient Equation: PGD

Matrix definition (for clarity):

O = M dM™* dt My = N N1dx
Q) Oy

Ky = / dN dN'dz My = M M*dt
Q. Qt
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Heat Transient Equation: PGD

I L
R = | pCplSTCrSMy] + Ko [STMuSKy]| | D [MyanST Mysby)-
_h=1

=3 [CPM FSTCo G + KoK ST M G|
1—=1

Lecture 2: Introduction to Proper Generalized Decomposition Techniques



Heat Transient Equation: PGD

I L
S = [pcp[RTMNRCM] + K, [RTKNRMM]} Z[MMthTMNah]_
_h=1

B zn: [pCp[CMGiRTMNFi] + K, [MMGZ-RTKNE;]]
i=1
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Heat Transient Equation: PGD

Algorithm 2.1: Pseudo-code of the greedy algorithm used by the PGD method.
Initialization;
While (NMode < maxNModes) & (Tol > Error) do
{

Enrichmentlnitialization;
While (Iters < maxlters) & (enrTol > enrError) do
{
R < EnrichFromS;
S < EnrichFromR;
enrError < enrErrorEstimation;
lters++;
}
F'(NMode) «+ R;
G(NMode) «+ S;
Error < ErrorEstimation;
NMode++;
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Parametric Heat Transient Equation

A

kconduct
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Parametric Heat Transient Equation

ou(z, t) 02 u(z, t) B
per— k 0 flz,t) =0
u(z, t, k) = > [Fi(z) - Gi(t) - Hy(k)]

i=1

<Space (m)
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Parametric Heat Transient Equation

w
k= 0.05
m - K
%74
k= 0.5
m - K
W !
k=25 .
m - K '
%74
k = 50
m - K

Lecture 2: Introduction to Proper Generalized Decomposition Techniques

o
(&

N
o

o = = N
( o
Temperature [K]

o
()]

(4]

Temperature [K]

- - NN oW
o

© o o o
N B [¢2] @
Temperature [K]

o

0.14
0.12
0.1 =
o.os.g
0.06 &
£
0.042

0.02

<

<

A

>

4
>

©
(2]

N
o1

o = =4 N
( o
Temperature [K]

o
(&)]

(4]

Temperature [K]

- - DN oW
o

o o
(&)}

= =2 = E
nN H (o)} oo
Temperature [K]

o

0.14
0.12

0.08

©
o
&

mperature [K]

17717

0.04°
0.02




Lecture 2

Introduction to Proper
Generalized
Decomposition
Techniques

Elias Cueto
Alberto Badias

s Universidad
UKACM 2021 Conference M /3 rago<4a

Aragon Institute of Engineering Research




