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Introduction

Motion of a discretised solid

1x,1X

3x,3X

2x,2X

)t,X(=x

Xd

dx = F dX

x = φ (X, t) ; v = ẋ; F = ∇0x
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Introduction

Traditional dynamic formulation

• Classical dynamic equilibrium equation:

ρ0v̇− DIVP(∇0x) = ρ0b
v = ẋ

• And constitutive model:

P =
∂ψ(∇0x, . . .)

∂F
• Satisfaction of compatibility conditions
• Variational formulation using linear finite element interpolation:∑

b

Mabv̇b =

∫
∂V0

NatB dA +

∫
V0

Naρ0b dV −
∫

V0

P(∇0x)∇0Na dV

• Disadvantages:
· Bending difficulty [Bonet, 1998]
· Volumetric locking [Bonet, 2001]
· Pressure instability [Gee, 2009]
· Reduced order of accuracy for strains and stresses
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Introduction

Explicit FE: Locking examples
[ANSYS-Coarse] [ANSYS-Fine] [Novel Methodology]

P1/Q0 Tet. P1/Q0 Hex. P1/Q1 Tet.
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Introduction

Aims
Solid community

• Computational Solid Dynamics is a well established
subject and there is extensive software available

• Standard displacement-based FE based on

· Explicit codes

· Under-integrated hexahedral elements

· Nodal linear tetrahedral technology

· Updated Lagrangian formulations

• Shortcomings

· Overly stiff in bending

· Locking difficulties

· First order precision for strains and stresses

· Inefficient in the vicinity of shocks

CFD community

• Many robust techniques are available for linear
triangle and tetrahedra

• Mature adaptive mesh generation

• Equal rate of convergence for velocity and pressure

• Robust shock capturing
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Large strain kinematics: F and J

1x,1X

3x,3X

2x,2X

)t,X(=x

Xd

dx = F dX
dV0

dV = J dV0

Fibre map F Volume map J
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Governing equation

Conservation laws

• Conservation of linear momentum:

d
dt

∫
V0

p dV0 =

∫
V0

ρ0b dV0 +

∫
∂V0

t dA; t = PN

• In differential form:

∂p
∂t
−∇0 · P = ρ0b

• Conservation of deformation gradient:

F = ∇0φ =⇒
∫

V0

F dV0 =

∫
∂V0

φ⊗ dA =⇒
d
dt

∫
V0

F dV0 =

∫
∂V0

1
ρ0

p⊗ dA

• In differential form:

∂F
∂t
−∇0 ·

(
1
ρ0

p⊗ I
)

= 0

• However, p-F formulation suffers numerical instabilities in nearly
incompressible deformations [Gil, Lee, Bonet and Aguirre, 2014]

4th ACME School (a.j.gil@swansea.ac.uk) Computational multiphysics

a.j.gil@swansea.ac.uk


Outline Introduction Governing equation Numerical methods Numerical results Extension to FSI Conclusions

Governing equation

Conservation laws for solid dynamics

• Conservation of Jacobian:

d
dt

∫
V

dV =

∫
∂V

v · da =⇒
d
dt

∫
V0

J dV0 =

∫
∂V0

(
HT

Fv
)
· dA; HF = (det F)F−T

• In differential form:

∂p
∂t
−∇0 · P = ρ0b

∂F
∂t
−∇0 ·

(
1
ρ0

p⊗ I
)

= 0

∂J
∂t
−∇0 ·

(
1
ρ0

HT
Fp
)

= 0

• With Curl Free conditions:

∇0 × F = 0
• And constitutive model:

P = P(F, J)

• Appropriate initial and boundary conditions
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Governing equation

System of conservation laws

• Using the combined notation:

∂

∂t

 p

F

J

+ ∇0 ·

 −P(F, J)

− 1
ρ0

p⊗ I
− 1
ρ0

HT
Fp

 =

 ρ0b

0

0


• Energy equation is added if necessary:

∂

∂t


p

F

J

E

+ ∇0 ·


−P(F, J, . . . )

− 1
ρ0

p⊗ I
− 1
ρ0

HT
Fp

Q− 1
ρ0

PT p

 =


ρ0b

0

0

s


• Or in standard form:

∂U
∂t

+ ∇0 ·F(U) = S; U =


p

F

J

E

 ; F =


−P(F, J, . . . )

− 1
ρ0

p⊗ I
− 1
ρ0

HT
Fp

Q− 1
ρ0

PT p

 ; S =


ρ0b

0

0

s


Tailor-made CFD methodologies have been developed
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Available numerical methodologies

Adapted CFD technologies for solid dynamics

• Following are the discretisation techniques available for solid dynamics:

(SU) Two-Step Taylor-Galerkin FEM [Karim, Lee, Gil and Bonet, 2011]

(SU) Upwind Cell Centred FVM [Lee, Gil and Bonet, 2012]

(MIT) Hybridizable Discontinuous Galerkin FEM [Nguyen and Peraire, 2012]

(LJLL) Godunov Lagrangian FVM [Kluth and Després, 2012]

(SU) JST Vertex Centred FVM [Aguirre, Gil, Bonet and Carreño, 2013]

(SU) Petrov-Galerkin FEM [Lee, Gil and Bonet, 2013]

(SU) Fractional step Petrov-Galerkin FEM [Gil, Lee, Bonet and Aguirre, 2014]

(SU) Polyconvex Petrov-Galerkin FEM [Bonet, Gil, Lee, Aguirre and Ortigosa, 2015]

(SU) Upwind Vertex Centred FVM [Aguirre, Gil, Bonet and Lee, 2015]

(SU) Polyconvex (Fractional) Hydrocode [Lee, Gil, Bonet and Ortigosa, Under review]
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JST spatial discretisation

Jameson-Schmidt-Turkel (JST) Algorithm
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JST spatial discretisation

The Jameson-Schmidt-Turkel (JST) scheme

Large scale simulations→ JST [Jameson et al, 1981]

• Large success within the CFD community

• High efficiency
• Edge based
• Vertex centred (el/nodes ' 5 in 3D)
• No need of linear reconstruction and

limiters

• Suitable for unstructured meshes

• Built-in shock capturing term

1x,1X 2x,2X

3x,3X

N

e∂V

eV

Standard in FVM: integrate within control volume + divergence theorem

∂U
∂t

+ ∇0 ·F = 0 −→
∫

Ve

∂U
∂t

dV =

∫
Ve

−∇0 ·F dV ⇒ Ve
dU e

dt
=

∫
∂Ve

−FN dΓ

Specific JST: Discretise in space using centred differences + artificial dissipation

Ve
dU e

dt
= −

∑
α∈Λe

F e + Fα

2
Ceα +

∑
γ∈ΓB

e

FγNγ
Aγ

3

+ D(U e)
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JST spatial discretisation

Dual mesh construction

Medial dual approach
2D: connection of element centroids with edge midpoints

eV

e

1α

2α

3α

4α

5α

6α

Ω∂

eΛ∈4α,...,1α

eΛ∈4α,3α,2α,1α

Ω∂

eV
e1α

2α

3α

4α

e
BΛ∈2α,1α

Ceα =
∑

k∈Γeα

AkNk, edge area vector
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JST spatial discretisation

Discretised governing equations
Adapted JST scheme to the governing equations∫

Ve

∂

∂t

 p
F
J

 dV =

∫
Ve

∇0 ·

 P(F, J)
v⊗ I
HT

Fv

 dV ⇒ Ve
d
dt

 pe
Fe
Je

 =

∫
∂Ve

 PN
v⊗ N(

HT
Fv
)
· N

 dΓ

Ve
dpe

dt
=
∑
α∈Λe

1
2

(Pe + Pα) Ceα +
∑
γ∈ΓB

e

t̂γ
Aγ

3
+ D(pe)

Ve
dFe

dt
=
∑
α∈Λe

ve + vα
2

⊗ Ceα +
∑
γ∈ΓB

e

(v̂γ ⊗ Nγ)
Aγ

3

Ve
dJe

dt
=
∑
α∈Λe

HT
F,eve + HT

F,αvα
2

· Ceα +
∑
γ∈ΓB

e

(
v̂γ · HγFNγ

) Aγ

3
+ D(Je)

• Dissipation only added to the first and third equations
• Addition of dissipation to the second equation affects compatibility conditions

(∇0 × F 6= 0)

D(Ue) =
∑
α∈Λe

ε(2)Ψeαθeα (Uα − Ue)−
∑
α∈Λe

ε(4)Ψeαθeα (L(Uα)− L (Ue))
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Petrov-Galerkin spatial discretisation

Petrov-Galerkin (PG) Algorithm
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Petrov-Galerkin spatial discretisation

Petrov-Galerkin formulation

• Variational statement of Bubnov-Galerkin formulation:∫
V0

δV ·R dV = 0; R =
∂U
∂t

+ ∇0 ·F − S; δV =

 δv
δP
δp


• Integration by parts gives (unstable) [Morgan and Peraire, 1998]:∫

V0

δV ·
∂U
∂t

dV =

∫
V0

F : ∇0δV dV −
∫
∂V0

δV ·FN dA +

∫
V0

δV · S dV

• Define stabilised PG formulation [Hughes et al, 1986]:

∫
V0

δVst ·R dV = 0; δVst =

 δvst

δPst

δqst
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Petrov-Galerkin spatial discretisation

Perturbation

• Stabilised test function space is generally defined by

δVst = δV + τ T
(
∂F I

∂U

)T ∂δV
∂XI︸ ︷︷ ︸

Perturbation

• Define flux Jacobian matrix:

∂F I

∂U
=

 03×3 −CI −κ [HF]I
− 1
ρ0

II 09×9 09×1

− 1
ρ0

[HF]I − ∂(v·[HF]I)
∂F 0


• Assuming τ (intrinsic time scale) a diagonal matrix for simplicity:

δVst :=

 δvst

δPst

δqst

 =

 δv− τpF
ρ0

DIVδP− τpJ
ρ0

HF∇0δq

δP− τFpC : ∇0δv− τFJ (v⊗∇0δq) : ∂HF
∂F

δq− τJpκHF : ∇0δv



• Bubnov-Galerkin is recovered by setting stabilisation τ = 0
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Petrov-Galerkin spatial discretisation

Petrov-Galerkin stabilisation

• Weak statement of stabilised Petrov-Galerkin (PG) formulation:

0 =

∫
V0

[
δV +

(
∂F
∂U

τ

)T

∇0δV
]
·R dV

=

∫
V0

δV ·R dV

︸ ︷︷ ︸
Bubnov-Galerkin

+

∫
V0

[
∂F
∂U

τR
]

: ∇0δV dV

︸ ︷︷ ︸
Petrov-Galerkin stabilisation

• Integration by parts gives:∫
V0

δV·
∂U
∂t

dV =

∫
V0

[
F −

∂F
∂U

τR
]

︸ ︷︷ ︸
F st

: ∇0δV dV−

∫
∂V0

δV·FN dA+

∫
V0

δV·S dV

• The stabilised flux F st can be more generally defined as (in equivalent to
Variational Multi-Scale (VMS) [Scovazzi, 2012]):

F st = F(U st); U st = U + U ′; U ′ = −τR
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Petrov-Galerkin spatial discretisation

Finite element discretisation

Linear interpolation for primary variables:

v =
∑

a

vaNa; F =
∑

a

FaNa; J =
∑

a

JaNa

∑
b

Mabṗb =

∫
∂V0

NatB dA +

∫
V0

Naρ0b dV −
∫

V0

P(Fst, Jst)∇0Na dV

∑
b

MabḞb =

∫
∂V0

Na(vB ⊗ N) dA−
∫

V0

v⊗∇0Na dV

∑
b

MabJ̇b =

∫
∂V0

Na(vB · HFN) dA−
∫

V0

(
HT

Fvst) ·∇0Na dV

• By construction:
Fst = F + τF

(
∇0v− Ḟ

)
Jst = J + τJ

(
H : ∇0v− J̇

)
vst = v +

τp

ρ0
(∇0 · P + ρ0b− ṗ)

• Reduce implictness of the formulation (τJ = ξF = 0)
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Explicit time marching scheme

Time Integration

• Integration in time is achieved by means of an explicit two-stage Total Variation
Diminishing Runge-Kutta (TVD-RK) time integrator:

U(1)
n+1 = Un + ∆tU̇n

U(2)
n+2 = U(1)

n+1 + ∆tU̇(1)
n+1

Un+1 =
1
2

(
Un + U(2)

n+2

)
With a stability constraint

∆t = αCFL
hmin

cn
max

; cn
max = max

a

(
cn

p,a
)

• Angular momentum conserving algorithm is required [Lee et al, 2013]

• Geometry increment:

xn+1 = xn +
∆t
2

(
vn + vn+1

)
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Swinging cube

Problem statement

Problem description: Unit side cube, linear elasticity,
ρ0 = 1.1Mg/m3, E = 1.7× 107Pa, ν = 0.45, αCFL = 0.3,
τF = ∆t, α = 0.1, τp = 0.2∆t, lumped mass contribution

• Given analytical solution of the form

u = U0 cos

(√
3

2
cdπt

)
A sin

(
πX1

2

)
cos
(

πX2
2

)
cos
(

πX3
2

)
B cos

(
πX1

2

)
sin
(

πX2
2

)
cos
(

πX3
2

)
C cos

(
πX1

2

)
cos
(

πX2
2

)
sin
(

πX3
2

)


• Impose IC at t=0, F0(X) = F(X, t = 0)

• Symmetric BC at X1 = 0, X2 = 0 and X3 = 0

• Skew symmetric BC at X1 = 1, X2 = 1 and X3 = 1

• Problem parameters: A = 2, B = −1, C = −1,
U0 = 5× 10−4, cd =

√
µ
ρ0

[Swinging Cube] Solution plotted with displacements scaled 200 times

Symmetric BC

1X 2X

3X

T(1,1,1)
= 03X

= 02X
= 01X

Skew symmetric BC

1X 2X

3X

T(1,1,1)
= 13X

= 12X
= 11X
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Swinging cube

Mesh convergence

· Problem description: Unit side cube, linear elasticity, ρ0 = 1.1Mg/m3, E = 1.7× 107Pa,
ν = 0.45, αCFL = 0.3, τF = ∆t, α = 0.1, τp = 0.2∆t, A = B = 1, C = −2, U0 = 5× 10−4,
lumped mass contribution

Petrov Galerkin

2

1

2

1

X L2 norm convergence analysis

X Demonstrates the expected accuracy of PG formulation using lumped mass matrix
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Punching plate

Spurious mechanisms analysis

Problem description: Unit square plate. Hyperelastic Neo-Hookean material with
ρ0 = 1.1Mg/m3, E = 0.017GPa, ν = 0.45, αCFL = 0.5, vpunch = 100m/s, κ/µ = 9.1667,
∆t = 1× 10−4 s (and ∆t = 2.5× 10−5 s for the fine mesh)

  ��                                  

                                          �punch 

                                                                        �� 

• Absence of volumetric locking
• Smooth distribution of pressures

• More dissipative than CCFVM

Solution at t = 0.03 s

FEM P1/Q0 FEM CCFVM

PG JST JST (Fine)
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Bending Column

Bending difficulty

Problem description: Column 1× 1× 6, ρ0 = 1.1 Mg/m3, E = 0.017 GPa, ν = 0.45,
NH model, αCFL = 0.4, κ(4) = 1/128, V0 = 10 m/s with θXY = 30o.

T(1,1,6)

T(1,1,0)

0V

3X

2X1X

· Bending dominated problem
· Mesh refinement

h = 1/3 m
h = 1/6 m
h = 1/12 m

JST algoritm

Movies

JST [Coarse] [Fine]

PG [Slender] [Cylinder]
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Twisting Column

Robustness

Problem description: Column 1× 1× 6, ρ0 = 1.1 Mg/m3, E = 0.017 GPa, ν = 0.45,
NH model, αCFL = 0.4, κ(4) = 1/128.

T(1,1,6)

T(1,1,0)

3X

2X1X

0ω

· Highly nonlinear problems
· Robustness of the methodologies

JST algoritm [Coarse] [Fine]

PG algorithm [Hollow]
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Twisting Column

Limitation of p-F formulation

Volumetric locking and pressure instabilities can be clearly observed

[Twisting Column-0.495]
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Immersed Structural Potential Method (ISPM)

Extension to FSI

• Incompressible Navier-Stokes equations in the presence of a solid structure in
Eulerian format:

∂(ρv)

∂t
+ ∇ · (ρv⊗ v) + ∇p−∇ · σ′(F,∇v) = ρb

dx
dt

= v

subject to an incompressibility constraint:

dJ
dt

= 0 =⇒∇ · v = 0

• Traditionally, F = ∇0x and the formulation locks [Gil, Arranz, Bonet, 2010]

• Introduce additional Lagrangian equation for F [Gil, Arranz, Bonet, 2013]:

dF
dt

= ∇0v =⇒
dF
dt

= (∇v) F

• Similar structure to that of v-F-J mixed solid formulation
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Immersed Structural Potential Method (ISPM)

Key ingredients of the ISPM

· A fast background fluid solver.

· A way to spatially interpolate the
kinematics (i.e. v, l) from the
background fluid to the foreground
structure: kernel functions ϕ.

· Structure (or other physics) introduced
by means of an immersed potential
sampled at a collection of integration
points ap.

Π
s
(φ) =

∫
Ωs

0

Ψ̂
s
(φ) dV '

∑
ap

Ψ̂
s (

φ
ap
)

wap

· Computation of FSI forces carried out
from the directional derivative of the
energy functional: spatial integration of
structure stresses.

· Computation of structure stresses
requires prior knowledge of the
deformation gradient tensor F.
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Immersed Structural Potential Method (ISPM)

Some FSI simulations

[MOVIE 2D constant flow and cell interacting with membranes]

[MOVIE 2D pulsatile flow and cell interacting with membrane]

[MOVIE 2D FSI rotating rigid object]

[MOVIE 2D rotating rigid object and flexible beam]

[MOVIE 3D pulsatile flow and cells interacting with membranes]
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Concluding remarks

Conclusions
· First order conservation laws in Total Lagrangian settting
· Adapted CFD discretisation techniques can be used:

· Cell Centred FVM
· Vertex Centred FVM
· Taylor Galerkin FEM
· Petrov Galerkin FEM
· Fractional step integration for incompressible materials

· Stresses converge at the same rate as velocities and displacements
· Linear tetrahedra can be used without numerical instabilities:

· Bending difficulties
· Volumetric locking
· Pressure instabilites

· Standard CFD techniques for shock capturing can be applied

On-going work
· Implement in open-source OpenFOAM
· Updated Lagrangian and ALE formulation
· Monolithic FSI
· Fracture, contact and biomedical applications
· SPH and DG frameworks
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