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Abstract

Thin structural theories such as the shear-deformable Timoshenko beam and Reissner-Mindlin
plate theories have seen wide use throughout engineering practice to simulate the response of
structures with planar dimensions far larger than their thickness dimension. Meshless methods
have been applied to construct numerical methods to solve the shear deformable theories.

Similarly to the finite element method, meshless methods must be carefully designed to over-
come the well-known shear-locking problem. Many successful treatments of shear-locking in
the finite element literature are constructed through the application of a mixed weak form. In
the mixed weak form the shear stresses are treated as an independent variational quantity in
addition to the usual displacement variables.

We introduce a novel hybrid meshless-finite element formulation for the Timoshenko beam
problem that converges to the stable first-order/zero-order finite element method in the local
limit when using maximum entropy meshless basis functions. The resulting formulation is free
from the effects shear-locking.

We then consider the Reissner-Mindlin plate problem. The shear stresses can be identified as
a vector field belonging to the Sobelov space with square integrable rotation, suggesting the use
of rotated Raviart-Thomas-Nedelec elements of lowest-order for discretising the shear stress
field. This novel formulation is again free from the effects of shear-locking.

Finally we consider the construction of a generalised displacement method where the shear
stresses are eliminated prior to the solution of the final linear system of equations. We imple-
ment an existing technique in the literature for the Stokes problem called the nodal volume
averaging technique. To ensure stability we split the shear energy between a part calculated
using the displacement variables and the mixed variables resulting in a stabilised weak form.
The method then satisfies the stability conditions resulting in a formulation that is free from

the effects of shear-locking.
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T General element
t Thickness of thin structure in x5 direction
Wi Weight function associated with node i

x!,x%,... Nodes in node set

x1, x, Coordinates on mid-surface of plate or beam

X3 Coordinate through thickness of plate or beam

¥1,¥2, 3 Generalised displacements along coordinates x;, x,, x5 (test)

z1, 25, z; Generalised displacements along coordinates x;, x,, x; (trial)
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1 Introduction

1.1 General

Many physical problems can be described by a set of partial differential equations (PDEs) that
contain a mathematical description of the underlying physical phenomenon. Usually it is im-
possible to obtain a classical analytical solution to such problems, except in specific cases with
simple domain geometries and boundary conditions. Therefore numerical methods are re-
quired to find approximate solutions to these PDEs.

The physical problems we study in this thesis are the mechanical deformation of beam and
plate structures. The PDEs that describe these physical phenomenon are known as beam and
plate theories, and are a specific subset of a more general class of PDEs known as shell theories
which describe the mechanical deformation of shell structures. Simply put, shells are curved
three-dimensional bodies that are thin in one dimension and long in the other two. Plates can
then be viewed as shells without curvature, and beams are just plates with one long dimension
instead of two. We will refer to beams, plates and shells collectively as thin structures and the
PDEs that describe their behaviour as thin structural theories.

The reason that shell structures are so important is that they are extremely efficient; they can
carry huge applied loads over vast areas using very little material. They are found abundantly in
the natural world precisely because of the evolutionary advantages afforded by these efficiencies.
Humans also recognise the utility of shell structures. They can be found in all sorts of fields of
human endeavour, including civil and naval architecture, mechanical engineering, aerospace
engineering and the automotive industry. In many cases shell structures can be remarkably
beautiful as well as practical, such as the Great Court roof at the British Museum shown in
fig. 1.1.

Because of the wide use of thin structures in modern engineering practice, designers require
robust and effective numerical methods for the solution of thin structural theories. A great
deal of research effort has been expended on the development of the finite element method for

the numerical solution of these theories. Because of the asymptotic behaviours of thin struc-
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Figure 1.1: Great Court roof at the British Museum, London. Source: Andrew Dunn/Wikime-
dia Commons, CC BY-SA 2.0.

tural theories it turns out that this task is somewhat difficult. Particularly in the case of shear-
deformable shell theories this task is very complex due to the multiple asymptotic behaviours
that arise which are dependent on the geometry, loading and boundary conditions of the partic-
ular shell problem at hand. For a numerical method to be effective it must be able to reproduce
all of the asymptotic behaviours present in the structural theory. It is only relatively recently
that finite element methods have become available that are capable of reproducing all of the
complicated asymptotic behaviours of the shear-deformable shell theories. The unified analyt-
ical proof that these shell finite element methods work in all of these asymptotic cases is still not
available, and the evidence of their efficacy is primarily numerical. Nonetheless, in many ways
these finite element methods represent one of the pinnacles of modern numerical mathematics.

Despite these successes, finite element methods are not without disadvantages, primarily
due to their reliance on constructing the basis functions for the numerical solution of the PDE
using a mesh of the problem domain. A relatively recent development in the field of numerical
methods, meshless methods, construct the basis functions for the solution of the PDE using
just the specification of nodal locations and support sizes in the domain. This lack of mesh

bestows meshless numerical methods with various advantages over the finite element method.
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Because of these advantages it is natural to want to develop meshless numerical methods
capable of solving the thin structural theories. This thesis is concerned with the develop-
ment of novel meshless numerical methods for the simulation of beam and plate structures de-
scribed using the shear-deformable beam and plate theories. The shear-deformable beam and
plate theories contain one asymptotic behaviour of the shear-deformable shell theory, which
is the bending-dominated asymptotic behaviour. If a numerical method fails to be able to
represent this bending-dominated asymptotic behaviour the common problem of numerical
shear-locking will occur, which leads to entirely erroneous results. The bending-dominated
asymptotic behaviour is one of the most commonly encountered behaviours in thin structural
theories. Therefore the development of effective meshless numerical methods for the shear-
deformable beam and plate theories that are free from shear-locking is a key step towards tack-
ling the more complicated asymptotic behaviour of the shear-deformable shell theory.

The outline of this introductory chapter is as follows. In the next section we will give a his-
torical overview of the development of meshless numerical methods. We will then discuss the
development of plate and shell theories before turning our attention to the problem of shear-
locking. In particular, we will discuss existing solutions in the meshless literature to the prob-
lem of shear-locking. We will then outline the structure of this thesis and the unique contribu-
tions that this thesis makes to the field.

1.2 Meshless methods

There is little doubt that the finite element method (FEM) has grown to be the pre-eminent
numerical method for the numerical solution of partial differential equations in the physical
sciences and engineering. The FEM is a mature and well understood technology and it will un-
doubtedly continue to attract a huge amount of research effort across a wide range of academic
disciplines.

In contrast, meshless methods are a relatively recent development in the field of numerical
methods. It is only recently that meshless methods have become available in commercial com-
putational simulation software, and to most practicing engineers they are still viewed as being
somewhat exotic and different to the FEM. However, in the context of numerical methods con-
structed via the application of a weak or variational form, meshless methods in fact have a great
deal in common with the FEM. These commonalities were first formalised in the seminal work

of Babuska and Melenk as the partition of unity method (PUM) [1]. Simply put, finite element
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methods and meshless methods can be viewed as different approaches for the construction of a
partition of unity (PU). A partition of unity is any set of basis functions ¢ that are constructed

with the following property everywhere in the problem domain [1]:
Z p; =1 (1.1)

It is this fundamental property which links many seemingly disparate numerical techniques

including finite element methods and meshless methods.

In the FEM the problem domain upon which the PDE is posed is divided into a finite num-
ber of non-overlapping subdivisions known as elements, see fig. 1.2. These subdivisions are
connected together using a topological map known as a mesh. A suitable basis is then con-
structed on a reference element before being pushed forward to the elements in the mesh via
a suitable map, see fig. 1.3. The resulting basis forms a partition of unity. The solution of the
entire system is then assembled from the contribution from each finite element in the mesh.
This approach is not without limitations; due to the mesh-based interpolation, heavily distorted
or low-quality meshes can frequently lead to numerical errors requiring expensive re-meshing
operations. Furthermore, the task of meshing is also expensive in terms of human time for the
engineer or scientist tasked with the computational simulation of the physical phenomenon
of interest. Simulation of moving discontinuities such as cracks and inclusions also requires

constant re-meshing as the discontinuity evolves with time.

Meshless or meshfree methods were conceived with the objective of relieving some of the
difficulties associated with using a mesh to construct the approximation space for the solution
of the partial differential equations. In meshless methods the approximation space is built only
from the specification of the position of the nodes in the problem domain and a support domain
associated with each node, see fig. 1.4. The basis functions are usually constructed in the global
coordinate system, so there is no push-forward as in the finite element method. The resulting
meshless basis forms a partition of unity. We expand on the construction of meshless basis

functions in chapter 2.

In the following paragraphs, rather than focus on papers that use meshless methods for a
particular physical application, we will primarily concentrate on papers concerned with the
development of fundamental contributions to the field of meshless numerical methods. For
readers interested in a more general overview excellent treatments are given in review papers
by V. P. Nguyen et al. [2] and Fries and Matthies [3]. The book by G. R. Liu [4] also gives a
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1.2 Meshless methods

(a) Problem domain Q(b) Problem domain seeded (c) Algorithm meshes the
described in CAD program with nodes. nodes.

(d) The support and connectiv-
ity of each basis function is di-
rectly linked to the underlying
mesh.

Figure 1.2: Mesh-based partition of unity construction paradigm.

Figure 1.3: In the finite element method basis functions are posed on the reference element then
pushed forward with a suitable mapping F to a general element in the mesh.
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(a) Problem domain Q(b) Problem domain seeded (c) Every node is given a sup-
described in CAD program. with nodes. port domain.

(d) The support and connectiv-
ity of each basis function is a
natural consequence of the node
positions and support domains.

Figure 1.4: Meshless partition of unity construction paradigm.
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1.2 Meshless methods

complete overview of meshless methods. The book by G. R. Liu and Gu [5] gives a complete
description of the computer programming aspects of meshless method.

The first widely recognised meshless numerical method is the smoothed particle hydrody-
namics (SPH) method introduced by Lucy [6] and Gingold and Monaghan [7]. The initial
application of the SPH method was modelling astrophysics phenomenon. Because of its speed
and simplicity the SPH method has become popular for numerical simulation of high velocity
impact [8] and metal forming [9] problems. Two major issues with the SPH method are the
tendency for spurious instabilities to develop and the inconsistent nature of the approximation
field, see Swegle et al. [10] and Belytschko et al. [11] for an in-depth discussion. There has
been a great deal of theoretical and practical study into solving these stability problems. Liu. et
al. introduced a corrected kernel function in the reproducing kernel particle method (RKPM)
[12] which helps solve many of the outstanding issues with SPH. The resulting approximation
scheme is identical to the moving least-squares approximation scheme of Lancaster and Salka-
usus [13]. An excellent overview of the SPH method and its modern variants is given in the
book by G. R. Liu and M. B. Liu [14].

SPH methods are based upon the strong form of the PDE. Another class of meshless methods,
and the one that is the focus of this thesis, are based upon the weak form of the PDE much like
the finite element method. Nayroles et al. [15] introduced the diffuse element method (DEM)
which used the moving least-squares (MLS) approximations of Lancaster and Salkauskas [13]
as the basis functions in a weak form of the PDE. Nayroles et al. [15] omitted certain terms
in the derivatives of the MLS basis functions. By including the terms omitted by Nayroles et
al. [15], Belytschko et al. [16] proposed the element-free Galerkin method (EFG). In the EFG
method integration is carried out using background cells typically constructed using a Delaunay
triangulation of the nodal positions. The EFG method has been applied to the many areas of
engineering science, including the problem of thin shells and plates by Belytschko and Krysl
[17, 18] and dynamic fracture by Belytschko et al. [19].

The EFG method is considered by many to be the archetypal meshless method. There are
many other meshless methods in the same vein as the EFG method. The primary variation is
using a different meshless basis function construction, such as the point interpolation method
(PIM) [20], maximum-entropy method (MaxEnt) [21], radial point interpolation method (RPIM)
[22] and moving kriging interpolation [23]. We give an overview of some of these methods in
chapter 2. The meshless methods developed in this thesis can be considered descendants of the
element-free Galerkin method of Belytschko et al. [19].

Another distinct approach was developed by Atluri et al. [24] based upon local weak forms
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called the meshless local Petrov-Galerkin method (MLPG). As the name suggests the resulting
methods are of the Petrov-Galerkin type because different function spaces are chosen for the
trial and test functions. This is in contrast with most finite element and meshless methods
where the same function spaces are chosen for the trial and test functions resulting in methods
of the Bubnov-Galerkin type. The MLPG method results in a weak form that is integrated over
the local subdomains attached to each node, meaning that no background mesh is required for
integration as in the EFG method.

Another class of meshless numerical methods rely heavily upon the partition of unity con-
cept of Babuska and Melenk [1]. Instead of using a basis which is intrinsically consistent like
standard Lagrangian finite element or MLS basis functions this family of methods can use any
suitable partition of unity satisfying the mathematical properties outlined in [1]. To reach the
required order of consistency dictated by the weak form of the PDE the partition of unity is ex-
trinsically enriched. The flexibility of PU methods comes at the expense of additional degrees
of freedom associated with the extrinsic enrichment in the final linear system as well as prob-
lems with ill-conditioning. The partition of unity finite element method (PUFEM) of Babuska
and Melenk [1] uses polynomial finite elements with PU enrichment. The generalised finite el-
ement method (GFEM) of Strouboulis et al. [25] includes enrichments allowing the FEM mesh
to not conform to the boundary of the problem domain. This allows the inclusion of corners,
voids and other singularities in the problem without any modification of the mesh.

As the GFEM and PUFEM use a mesh based partition of unity they can be considered close
relatives of the more widely used extended finite element method (XFEM) [26]. There are
also partition of unity methods which use meshless PUs. The hp-cloud method of Oden et al.
[27] uses partition of unity concepts to enrich zero-order consistent Shepard functions. The
particle-partition of unity method of Griebel and Schweitzer [28] also uses partition of unity
concepts to enrich zero-order consistent Shepard functions [29]. Griebel and Schweitzer study
parabolic and hyperbolic PDEs as well as the more common elliptic problems. Oh and Jeong
[30] use the flat-top partition of unity method to ease ill-conditioning problem and simplify
the issue of integration of the weak form. Oh et. al extend the flat-top construction to three
dimensions in [31]. Some of the major advantages of meshless methods can be summarised as
follows; the basis functions are particularly good at handing problems with moving discontinu-
ities, large deformations, phase transformations and evolving boundaries; nodes can be easily
added, equivalent to an h-adaptivity process in finite elements; the basis functions can reach
arbitrary order of consistency via intrinsic or extrinsic enrichment; the basis functions have

high continuity and compact support resulting in a sparse linear system and meshless methods
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1.3 Plate theories

can provide more accurate approximations for problems with complex domain geometries.
We take this moment to emphasise our view that meshless methods are not intended to be a
replacement for the finite element method, rather that they are complementary in the sense that
meshless methods can be used when the inherent limitations of constructing a partition of unity
using a mesh become too great. Meshless methods should be viewed as an additional tool which
can be used to simulate complex PDEs. Because it is possible to couple regions of the problem
domain discretised with meshless methods to regions discretised with finite elements they can
even be used in the same computational simulation. In our view it is unlikely that meshless
methods will ever surpass the speed and ease of implementation of the FEM. Nonetheless, it
is clear that via theoretical developments born from the study of meshless methods that the
existing finite element method can be improved to handle new problems. The extended finite
element method and the more recent smoothed finite element method (SFEM) are excellent
examples of this cross-pollination between meshless methods and finite element methods [26].
We give an in-depth discussion of the construction and mathematical properties of various

meshless basis functions in chapter 2.

1.3 Plate theories

A plate is a structure with two in-plane dimensions much larger than its thickness. Typically,
the thickness is no greater than 1/10th of the smallest in-plane dimension [32]. Because of
the small relative size of the thickness dimension there is no need to model the plate using the
full three-dimensional equations of elasticity. Instead, it is possible to pose a simplified two-
dimensional theory which can accurately predict the behaviour of the three-dimensional elastic
body.

Plate theories have traditionally been formulated by making informed assumptions about
the functional form of the displacement field based on the behaviour of an elastic body with
constrained geometry [32]. By making differing hypothesis about the form of the displacements
we can come up with differing plate theories of varying accuracy with respect to the full three-
dimensional equations of elasticity. However, this method of engineering intuition is not the
only way of deriving thin-structural theories, and in answering the question of exactly how
the thin-structural theory converges to the full three-dimensional elastic body more advanced
techniques such as variational methods are required. We do not discuss this topic any further,

and refer the reader to S. Zhang [33] for further details.
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In chapter 3 we will discuss two of the most widely used plate theories which are the subject
of the thesis. The first plate theory is the Kirchhoft-Love or classical plate model. The Kirchhoff-
Love model was originally formulated by Love [34] based upon the kinematical assumptions
of Kirchhoff [35]. The second plate theory is a first-order relaxation of the Kirchhoff-Love
model which is known as the Reissner-Mindlin, or first-order shear deformable plate model.
The Reissner-Mindlin plate model was originally formulated by Reissner [36, 37] and Mindlin
[38]. Of course, these are by no means the only plate theories available, but they are amongst
some of the most widely used in practice. Higher-order shear-deformable theories such as the
third-order shear deformable theory of Reddy [39] give an even better approximation than the
Reissner-Mindlin theory, at the expense of additional unknowns. In this thesis we restrict our
discussion to the Kirchhoft-Love and Reissner-Mindlin models which are the most widely used

in practice.

1.4 Shear-locking

A common problem encountered in numerical formulations of the displacement weak form of
the Reissner-Mindlin plate problem is the phenomenon of shear-locking. This problem man-
ifests itself as an overly stiff system as the plate thickness # — 0 and can be attributed to the
inability of the numerical approximation functions to be able to represent the Kirchhoft asymp-
totic limit [40]. Ultimately, the problem of shear-locking in a numerical formulation leads to
entirely erroneous results.

Physically speaking, it is intuitive that given the Kirchhoff model and the Reissner-Mindlin
model purport to model the same phenomenon, namely a three-dimensional elastic plate un-
der mechanical load, that both models should coincide with each other when placed under the
same kinematical restrictions. This kinematical restriction is known as the Kirchhoft limit or
constraint. Indeed, it is relatively straightforward to show that the Reissner-Mindlin problem
coincides with the Kirchhoff-Love problem as the thickness of the plate approaches zero. Un-
fortunately, when we discretise the displacement weak form of the Reissner-Mindlin problem
using simple numerical schemes such as the standard Lagrangian finite element method and
enforce the Kirchhoftlimit by letting f — 0 the numerical solution will fail to coincide with that
given by the Kirchhoft-Love problem. This failure manifests itself as totally incorrect numerical
solutions and is commonly referred to as the shear-locking problem. Shear-locking is the in-

ability of the constructed basis functions to be able to richly represent the Kirchhoff limit. It is
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1.4 Shear-locking

the construction of meshless numerical methods that are free from this shear-locking problem
that is the subject of this thesis.

The shear-locking problem was first studied extensively in the context of the FEM. It is well
known that using low-order Lagrangian elements for all of the displacement fields will result in
shear-locking in the Kirchhoff limit [40]. A huge number of remedies have been introduced in
the FEM literature to overcome this problem, including, but not limited to; selective reduced
integration methods [41], the assumed natural strain (ANS) or mixed interpolation of tensorial
components (MITC) method eg. [42-44], the enhanced assumed strains (EAS) method eg. [45,
46], and the discrete shear gap method eg. [47, 48]. A modern and relatively comprehensive
mathematical overview of the finite element analysis of Reissner-Mindlin plates is given by Falk
[49]. The underlying mathematical reasoning for these methods can in most cases be found in
analysis via mixed weak forms [50] where some combination of stresses, strains and displace-
ments are treated as independent variational quantities. Simo et al. [46] give a mixed analysis
of EAS-type methods and Chapelle and Bathe [40] give a mixed analysis of ANS/MITC-type
methods.

It is well-known that upon moving to a mixed variational formulation that stability of a nu-
merical method is no longer guaranteed and that a great deal of care must be taken in the design
of such methods. The seminal work of Babuska on finite elements with Lagrange multipliers
[51] and the later developments of Brezzi [52] describe in general terms the conditions needed
for stability of numerical methods based upon mixed weak forms. A contemporary paper by
Bathe and Brezzi [53] gives an overview of the stability conditions of mixed finite elements
using linear algebra concepts before shifting across to a more rigorous functional analysis ap-
proach. Another paper by Arnold [50] covers similar ground but assumes some knowledge of
functional analysis.

In the meshless literature various distinct procedures have been introduced to overcome the
shear-locking problem. We will also discuss a few approaches in the meshless literature to the
problem of volumetric locking which arises in incompressible elasticity problems, as it is re-
lated to the problem of shear-locking. We note that this is not an exhaustive review of papers
which simulate shell or plate structures with meshless numerical methods, but an overview of
those with a particular focus on novel methods for alleviating the shear-locking problem. The
review paper by Tiago and Leitdo [54] gives an in-depth overview of shear-locking in mesh-
less numerical methods. A recent review paper with particular emphasis on the application
of meshless methods to the simulation of laminated and functionally graded plates is given by

Liew et al. [55].
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One of the simplest methods for curing the shear-locking problem is increasing the polyno-
mial consistency of the approximation. This method is equivalent to p-refinement in the FEM.
Increasing the consistency of the approximating functions means that the Kirchhoff mode can
be better represented and thus locking is partially alleviated. However, spurious oscillations
can occur in the shear strains and the convergence rate is usually non-optimal [56]. Further-
more, high-order consistency meshless basis functions are more computationally expensive.
This is due to the larger number of nodes that must be in the nodal support to ensure a well-
posed basis function problem. This increase in support size then leads to an increase in the
bandwidth of the assembled stiffness matrix [56]. Works using this approach in the hp-cloud
context include those by Garcia et al. [57] for shear-deformable plates and Mendonga et al. [58]
for shear-deformable beams. In the context of the element-free Galerkin (EFG) method this
approach has also been used by Choi and Kim [59]. The p-refinement method has also seen
widespread use in the isogeometric method, see eg. Benson et. al [60] for the Reissner-Mindlin
(née Naghdi) shell model.

Another popular remedy is the matching fields method. In this approach the Kirchhoff mode
is matched exactly by approximating the rotations using the derivatives of the basis functions
used to approximate the transverse displacement. This idea was originally introduced by Don-
ning and Liu [61] using cardinal spline approximation and later in the context of the EFG
method by Kanok-Nukulchai et al. [56]. More recently the matching fields approach has been
used by Bui et al. [62, 63]. However, as shown by Tiago and Leitdao [64] using either the m-
consistency condition II of Liu et al. [65] or the Partition of Unity concept of Babuska and
Melenk [1], the resulting system of linear equations are always nearly singular because of a lin-
ear dependency in the basis functions for the rotations. This is because the basis functions for
the rotations do not form a partition of unity [64]. A more elegant approach, and one with-
out the drawbacks of the method of Kanok-Nukulchai et al. [56] has recently been introduced
for the isogeometric method by Martinelli et. al [66]. In this approach the basis functions for
the rotations and displacements are constructed using polynomial spline spaces such that they
satisfy the Kirchhoff constraint exactly.

Nodal integration schemes integrate the weak form using points at the nodal positions of the
meshless approximation. These schemes essentially work along the same lines as the reduced
integration approach in finite elements. Beissel and Belytschko [67] showed that meshless re-
duced integration techniques can suffer from spurious modes, similar to their FE counterparts.
Some form of stabilisation is required to neutralise these problems. Wang and Chen [68] intro-

duced smoothed conforming nodal integration method (SCNI), a form of curvature smooth-
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ing, to alleviate locking.

Some authors have modified the underlying plate model to bypass the problem of shear-
locking entirely. This approach is called the change of variables approach. In the analysis of
Timoshenko beams Cho and Atluri [69] use a change of dependent variables, from transverse
displacement and rotation to transverse displacement and shear stress to bypass the problem
of shear-locking. This approach has been extended to plates by Tiago and Leitdo [64]. We note
that the exact relationship between the plate model written with the displacement and shear
stresses as primary variables and the standard Reissner-Mindlin model has not been studied in
much depth at this point.

Another approach, and the one we use in this thesis, is to use a mixed formulation where
fields such as stresses, strains and pressures, as well as the usual displacement fields, are treated
as independent quantities in the weak form. In the field of meshless numerical methods this ap-
proach has primarily been applied to the problem of volumetric locking in nearly-incompressible
elasticity problems. Vidal et al. [70] used diffuse derivatives to construct pseudo-divergence-
free approximation for the displacement that would satisfy the incompressibility constraint a
priori. Gonzalez et al. enriched the displacement approximation in a Natural Element Method
formulation [71]. The B-bar method from the FE literature [72] was introduced into the EFG
method by Recio et al. [73]. Sori¢ and Jarak apply a mixed formulation in a three-dimensional
solid shell formulation [74]. Recently Ortiz et al. [75, 76] constructed a method where the
pressure variables are eliminated by calculating volume-averaged pressures across domains at-
tached to a node to formulate a generalised displacement method. In this thesis we develop a
generalisation of the volume-averaging technique of Ortiz et al. which we call the local-patch
projection (LPP) procedure. We then use the LPP procedure to construct a generalised dis-

placement method for the Reissner-Mindlin plate problem that is free from shear-locking.

1.5 Outline of this thesis

The aim of this thesis is to develop novel meshless numerical methods for the simulation of
shear-deformable beam and plate structures that are free from the adverse effects of shear-
locking. To do this we apply the canonical method used by many authors in the finite element
method of using a mixed weak form where the shear stresses are treated as an independent
variational quantity.

The remaining chapters of this thesis are structured as follows:
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Chapter 2: An overview of meshless methods. In this chapter we give an overview of mesh-
less methods, meshless basis function construction and imposing Dirichlet boundary condi-
tions in meshless methods. Because they are a relatively new innovation in the field of meshless
methods we give a particularly thorough overview of the maximum-entropy basis functions

which are used throughout this thesis.

Chapter 3: A study of the shear-locking problem in the Timoshenko beam problem with
meshless methods. In this chapter we study the Timoshenko beam problem which is the one-
dimensional analogue of the Reissner-Mindlin plate problem. We perform numerical experi-
ments showing the behaviour of meshless and finite element methods with respect to h and p
refinement, and additionally in meshless methods the role of the support width. These funda-
mental experiments clearly identify the shear-locking behaviour of meshless numerical meth-

ods with respect to the meshless discretisation parameters.

Chapter 4: Meshless methods for the shear-deformable beam problem based on a mixed
weak form. In this chapter we examine the ability of a mixed weak form to produce numerical
methods for the Timoshenko beam problem that are free from the effects of shear-locking. We
move from the primal or displacement form of the Timoshenko beam problem to a mixed form
where the shear stresses are treated as independent variational quantities in the weak form. The

proposed scheme is free from the effects of shear-locking.

Chapter 5: Meshless methods for the shear-deformable plate problem based on a mixed
weak form. In this chapter we examine the ability of a mixed weak form to produce numerical
methods for the Reissner-Mindlin plate problem that are free from the effects of shear-locking.
To construct a conforming approximation of the shear stresses we use the lowest-order rotated
Raviart-Thomas-Nédélec finite elements. Meshless maximum-entropy basis functions are used

to discretise the displacements.

Chapter 6: Generalised displacement meshless methods for the shear-deformable plate
problem. In this chapter we examine the use of a stabilised mixed weak form to construct a
generalised displacement meshless method for the Reissner-Mindlin problem that is free from

the effects of shear-locking.

At the end of the thesis we give some conclusions and suggest ideas for future research topics.
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2 An overview of meshless methods

2.1 Introduction

In this chapter we give an overview of the construction of meshless numerical methods via
the application of a weak or variational form. The distinct properties of different meshless
basis functions, such as continuity, consistency and computational complexity greatly affect
the performance of the resulting numerical method. We give a full treatment of these different

properties and the mathematical construction of various common meshless basis functions.

2.2 Galerkin methods

2.2.1 Strong form to weak form

Consider a domain Q C IR? bounded by a surface I forming the closed region 0. We can define
a boundary value problem (BVP) as the problem of finding an unknown function u : O —» R
such that [84]:

Llu]l =f Vx € 0 (2.12)

u=1 VxeTlp (2.1b)

@ =7 Vx €Ty (2.1¢)
on

where L is an operator of partial derivatives with respect to x and f : Q — R is a specified
right hand side. I'p and I'y correspond to the portions of the boundary where Dirichlet and
Neumann boundary conditions are applied respectively, such that I', U I'y = I'. n is the unit
normal on the boundary I. We denote d(2 the volume measure in Q2 and dI" the surface measure
onl.

We now define a corresponding weak or variational form of the BVP by forming the inner
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2 An overview of meshless methods

product of the PDE with an arbitrary test function v [84]:

f {E[u] —f} vdQ =0 (2.2)
0

Roughly speaking, we are requiring that the differential equation holds in an average sense
across the domain Q by using the test function v to weight the average and requiring the residual

be equal to zero. This is why the method is often called the method of weighted residuals.

At this stage it is instructive to restrict our discussion to a specific BVP, in this case the well

known elliptic Poisson equation where the differential operator L is defined as [84]:

n zu

2
i=1 axi

L=A=V?:= (2.3)

Furthermore we assume homogeneous Dirichlet boundary conditions # = 0 on all of the

boundary I', = I'. Substituting £ into the weak form gives [84]:

fﬂ Vv dQ = fﬂ frd (2.4)

Using the well known Green's identity (divergence theorem) we can show that the weak form
of our BVP is: Find u € V such that:

waVde:ffdeVVEV (2.5)
Q Q

2.2.2 Sobolev spaces

In loose terms a function space qualifies certain classes of functions into groups called function
spaces. A familiar function space for most engineers is the space of continuous functions de-
noted by C¥(Q) which is the set of functions that are k times continuously differentiable in Q.
In the classical variational formulation solutions to the variational formulation are constructed
in these C*(Q) spaces. This approach has numerous issues and the C¥(2) spaces are usually

abandoned in favour of a more general definition of function spaces known as Sobolev spaces
[84].
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2.2 Galerkin methods

For a non-negative integer m the Sobolev space H"((2) is defined as [84]:

H™(Q) = {v € [3(Q) | D*v € LX), Y |a] < m) (2.62)

ol
D* = ————— (2.6b)
Ix;' ... Ix)

where « is a multi-index of order m and L?(QQ) is the set of functions with bounded or finite

() = {v | f W2dQ < oo} (2.7)
0

In other words the Sobolev spaces are composed of functions and their weak derivatives up to

square integral on Q [84]:

order m that are finite or bounded. We can also define an inner product for the space H"((2)
[84]:
(U Dy = ) f (D*u) - (D) dQ2 (2.8)

laj<m v Q

which induces the following norm:

12
”u”Hm(_Q) = (u/ u)g’%“(()) = Z (L |(Dau)|2 dQ) (29)

lal<m

This requirement that the integrals of the functions be finite is intuitive given that most PDEs
model physical behaviour where the energy integral must be bounded for the PDE to make

sense [84].

For the specific weak form in section 2.2.2 to be well-posed we require that V. = H(Q),

which means that any function in the space and its weak first derivatives are square integrable
[84]:
HY(Q) = {vl ve12(Q), % cIXQ)i=1,., n} (2.10)
xl

with inner product:
(U, V)i = f (uv + Vu - Vv)dQ (2.11)
0

which induces the norm:

1/2
Il ey = ( IR dQ) (2.12)
(0}
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Furthermore because we have specified Dirichlet boundary conditions on the entire boundary
I' we can define the subset Hy(Q) C H'(Q) as [84]:

Hy(Q)={ve H(Q)|v=0VYx€eT) (2.13)

So after this brief discussion of Sobolev spaces we can write the variational problem in eq. (2.5)
as: Find u € Hy(Q) such that [84]:

f Vi Vv dQ = f fdQ Yve H\(Q) (2.14)
[0} [0}

Comparing the strong formulation with the weak or variational formulation in eq. (2.14) we
can see that the requirement that u € C?(Q2) has been weakened to that of u € H(Q). This
makes the solution of the variational form easier than that of the strong form since it is less
demanding on the regularity of the solution u [84].

Finally we re-write eq. (2.14) in the following standard form: Find u € Hy(2) such that [84]:
a(u,v) = flv) Yv € Hy(Q) (2.15)
where a(u, v) is a bilinear form and f(v) is a linear form defined by:
a(u,v) = f Vu-Vv dQ (2.16a)
o)
= [ frdo (2.16b)
0

2.2.3 Constructing a Galerkin numerical method

In the framework of Galerkin methods, we can split the construction of a numerical method

into the following five steps:

1. Transfer the strong form of the PDE and boundary conditions into a weak or variational

form.

Problem 1 (Infinite dimensional weak form). Find u € ‘U such that:
a(u,v) =flv) Yve'V (2.17)

where ‘U and 'V are infinite dimensional function spaces.
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2.2 Galerkin methods

2. Construct an appropriate basis ¢; and y; such that ‘U, = span {9"1'}511 C Uand V, =

span {1//,»}?11 C Vrespectively, allowing us to write u;, and v in the form:

N

Up = E Pild; (2.18a)
i=1
M

V= Z v (2.18b)
i=1

Again, specific choices of how to construct this basis give rise to a huge number of numer-
ical methods, such as finite element methods, discontinuous Galerkin methods, meshless
methods, natural element methods, collocation methods and so on. Also note that the
trial space ‘U, is not necessarily the same the test space 'V, and these choices give rise to
a whole host of numerical methods, such as Petrov-Galerkin methods, Bubnov-Galerkin

methods, Rayleigh-Ritz methods, boundary element methods and so on.

3. Transfer the infinite dimensional problem to a finite dimensional one by introducing the
subspaces ‘U, C U and V, C V. We can write the same variational formulation as

before, but replacing the infinite spaces with these new finite dimensional subspaces:

Problem 2 (Finite dimensional weak form). Find u;,, € U, such that:
a(u,,v) = f(v) Yve'V, (2.19)

where U, C Uand "V, C Vare finite dimensional function spaces with size dim(‘U;) = N
and dim("V,) = M.

The subscript 4 is used frequently in the Finite Element literature to denote the depen-
dence of the vector spaces on the characteristic element size of the mesh. Note that it is
also possible to make the choice U, ¢ U or V, ¢ "V resulting in a non-conforming

numerical method.

4. Substitute the basis into the finite dimensional weak form resulting in a linear system of

equations. For the Bubnov-Galerkin type method where ‘U), = V;:

a(g;, ;) =flg;), i=1,2,..,N (2.20)

J=1
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or alternatively:
Ku=f (2.21)

where K is sometimes called the stiffness matrix, u is the solution vector and fis the force

vector.

5. Solve the linear system of equations to find the vector of unknowns u.

Now that we have discussed how to construct a Galerkin numerical method in a general sense
we move on to the problem of constructing the finite dimensional subspace U}, using meshless

methods.

2.3 Constructing a meshless basis

The construction of a meshless basis typically begin by discretising the domain into a set N, of
N nodes or points located at positions x’ in the domain 2, where 2 is the closure of the domain
QcR'forn=1,2,3:

N, ={x!, 22, %3, .., %N}, xieQ (2.22)

We mimic the tradition from the finite element literature of subscripting with h to denote some
form of characteristic length which describes the node set. We associate each node in the set

N, with a region w; in the neighbourhood of x* which we call the support domain:
w = {wll Wy, W3, .., wN}/ w; C Q (2-23)

The support domains w must form a covering of the domain Q:
N
oclJw (2.24)
i=1

Note that there is no requirement that the union of the support domains exactly cover the
original domain.

Throughout this work we use circular support domains which can be uniquely described by
a radius of support. Therefore instead of associating each node in the node set with a support

domain, we explicitly associate each node in the node set with a support radius p;:

p=1{p1, P2 P3, ., pnl, pi€R* (2.25)
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2.4 Mathematical properties of meshless basis functions

Basis  Kronecker delta ~ Continuity Compact support Consistency Pass patch test
MLS No peCQ), w, e C(Q).. ¢ € CPkD(() Yes Yes, trivial to C© Yes
MaxEnt Yes, weak c” Yes first-order Yes
RBF Yes Dependent on RBF y € C(Q2) No No No
CSRBF Yes Dependent on CSRBF y € @) Yes No No
RPIM Yes c! Yes Yes No

Table 2.1: Summary of properties of various meshless basis functions

Then for any general point in the domain x € Q we can define the connectivity set S, as a subset
of the overall node set N
Sp={Na | [lx =] < pi} (2.26)

With this notation established we can now use a multitude of methods to define a meshless

basis constructed from the pairing of the node set N, and associated support radius vector p.

2.4 Mathematical properties of meshless basis functions

Before continuing to discuss specific methods for constructing meshless basis functions we will
outline some of the general mathematical properties of meshless basis functions. In table 2.1
we give a summary of these properties for specific methods. In the following sections we will

discuss the construction and properties of different methods in detail.

Kronecker-delta property

The basis functions ¢; are said to verify the Kronecker-delta property if the following holds [85]:

pi(x)=08; Yij (2.27)
1 i=j

0; = / (2.28)
0 i#j
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Futhermore if the basis functions do satisfy the Kronecker-delta property then:

up(6) = Y, @i, (2.29)
i€$),

= 6, (2.30)
i€S),

= u; (2.31)

Meshless basis functions do not always satisfy the Kronecker-delta property. Therefore we find
that u;,(x') # u; and imposing essential boundary conditions is not as trivial as in the finite

element method. We will explain why this is the case now.

Let B be the set of all of the indices of the nodes that lie on the boundary I', with prescribed
Dirichlet boundary conditions [85]:

B= {j\fh | x € FD] (2.32)

We now let ¢, be basis functions that do satisfy the Kronecker-delta property. We can write our
function approximation for any x € Q by splitting the summation between the nodes that are
on the boundary j € B and those that are not i ¢ B [85]:

up(x) = D, 0w = D) ei)u + Y 9;(x)a() (2.33)

€S, i¢B j€B

Due to the Kronecker-delta property for all of the nodes not on the boundary i ¢ B we know
that ¢; € Hy(Q) Vi ¢ B. Thus the approximation written above gives u = # at the nodes on the
boundary I', if and only if the approximation satisfies the Kronecker-delta property [85]. If the
approximation does not satisfy the Kronecker-delta property then imposing u = fzand v(x) = 0
on I'p is not as straightforward, and the standard bilinear weak form in eq. (2.19) cannot be used
[85]. There are various modified variational forms that can overcome this problem and these

are discussed in section 2.11.
Continuity

Continuity defines the smoothness of the approximation. A function is called C"(£2) continuous

if all j of its derivatives 0 < j < n exist and are continuous in the entire domain Q [86].
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2.4 Mathematical properties of meshless basis functions

Consistency

Consistency is the capability of an approximation scheme to exactly reproduce a polynomial
function of certain order locally within the elements or cells that make up the entire problem
domain [4]. A certain minimum level of consistency is required to solve a particular PDE.
For a PDE of order 2k, weakened using the standard Garlerkin technique, we require that the
approximation is at least k consistent. If an approximation is called k-order complete then it is

consistent from zero to k.

An absolute requirement for any approximation scheme is that it can reproduce constant

functions exactly:
2 p)1=1 Vx (2.34)

i€S),
If an approximation can fulfil this requirement then it is called zero-order consistent. This
property is also called the partition of unity property.

Furthermore we might require the approximation to be first and second order consistent:

Do) x=x Vx (235)
i€S,

E @r(x) - x> =x2 Vx (2.36)
i€S,

Second-order consistency is particularly desirable in the solution of the fourth-order PDEs
found in plate and beam theories where partial derivatives of 2nd order appear in the variational

or weak form.

Interpolation or approximation

This difference between interpolation and approximation is a subtle distinction and it is com-
mon to see these terms used interchangeably. Given a function w € "V where Vs a function
space, an interpolant Jj, creates a function that lives in a finite subspace 'V}, C "V with N dimen-
sions, such that I,w € V,, [4]:

Iw(x) = Z i(x)w(x)) (2.37)

55



2 An overview of meshless methods

Figure 2.1: Oscillatory function u interpolated using RPIM basis functions on unit interval with
N = 30 nodes and constant support size p = 0.1. The interpolated function u, is
nearly indistinguishable from the function u in this plot. The values of the unknown
vector are equal to the approximated function itself, ie. u; = u;,(x).

and satisfies the following interpolation condition:
Iw(x) =wkx) i=1,2,..,N (2.38)

In other words, an interpolant creates a function w), that passes through the nodal values of
w exactly. Conversely, an approximate creates a new function that does not pass through the
nodal values exactly. It should be clear that to satisfy eq. (2.38) we require that the interpolant J,
has the Kronecker-delta property. In fig. 2.1 we show a meshless interpolation of an oscillating

function, and in fig. 2.2 we show a meshless approximation of the same oscillating function.

Computational cost

Every computational algorithm has an associated computational cost. We can expect that each
method of constructing meshless basis functions will use varying amounts of resources, and
thus speed and memory usage might be a factor in choosing the meshless basis function. Little
information in the literature is available comparing different construction methods. Producing
accurate, and most importantly fair, measurements can be difficult.

However, we can say a few things with some certainty. Firstly, meshless basis functions gen-
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Figure 2.2: Oscillatory function u approximated using MaxEnt basis functions on unit interval
with N = 30 nodes and constant support size p = 0.1. The approximated function
uy, is nearly indistinguishable from the function u in this plot. The values of the
unknown vector are not equal to the approximated function itself, ie. u; # u,(x’).

erally involve some computationally intensive process, such as matrix inversion or optimisation
in multiple variables, which must be carried out at every integration point in the domain. This
means that meshless basis functions are almost always more expensive to compute per eval-
uation than finite element basis functions which are usually pre-calculated on the reference
element K. The primary cost is then the push-forward from the reference element to the global

element in the mesh.

Second of all, the total computational time of all of the meshless basis function evaluations
scales linearly with the number of integration points in the domain, that is, with » integration
points the complexity of the algorithm is of O(n). The solution of a linear system with n nodes
scales at anywhere between O(nlogn) and O(n?) depending on the properties of the linear
system to be solved and the algorithm used. Thus we can say with some certainty that as prob-
lem size increases the assembly and solution of the linear system begins to dominate the total
amount of computational resources used for the computation of the basis functions. Finally,
the evaluation of the basis functions at all the integration points is relatively trivial to parallelise
across multiple computing cores, so if we need to speed up the shape function construction we

can expect to see roughly linear scaling with the number of computing nodes.

All these factors mean that as long as the algorithms used to construct meshless basis func-

57



2 An overview of meshless methods

tions are comparable on speed to roughly the same order of magnitude, the mathematical prop-

erties mentioned above should probably dominate the selection criteria.

2.5 Moving least-squares

The Moving Least-Squares (MLS) method has its origins in scattered data approximation. A
zero-order complete MLS method was introduced by Shepard [29], before being generalized to
m-th order consistency by Lancaster and Salkauskas [13]. Shepard's method [29] is a specific
case of the more general method presented by Lancaster and Salkauskas [13]. The MLS ap-
proximation scheme is used in the Element Free Galerkin (EFG) method [16] as well as many

other meshless and particle methods.

Construction

We can define a local approximation u,: Q — IR? of the function u: Q — R at a point x € Q
as:

up(x) = p'(x) - a(x) (2.39)
where pT(x) is a complete vector of polynomials of order m. For example, in IR?> where x =

{x1, x,} the complete second order polynomial vector is:

PT(X):[I X1 X XXy XA X%] (2.40)

The vector a(x) contains non-constant coefficients that depend on x:
a'(x) = [a(x) a(x) @) a;(x) .. au)] (2.41)

The key thing to note about eq. (2.39) is that the coefficients a(x) are a function of x and
therefore vary throughout the domain Q. It is this property that gives the prefix moving to the

standard least-squares minimisation procedure from elementary statistics.

We now define a weighting function w(x — x) centred at each node. This gives nodes nearest

to x the highest influence, whilst those further away have little or even no influence.

We now proceed to find the coefficients a(x) by posing a minimisation of the weighted least-
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squares function J:

J@) =Y wilx — x) [up (', x) - u,]’ (2.42)
i€S),

= Z wi(x — xP) [pT(x) - a(x) - u,»]z (2.43)
€S,

The minimisation problem we are trying to solve is to find the coefficients a*(x) such that:
a‘(x) = arg min J(x) (2.44)

We will show that this minimisation problem has a semi-analytical solution.

Weighting Function

It is the weighting function at each node i w;(x — x*) that makes the MLS approximation a local
approximation scheme. More specifically, we define a function for each node w;: Q — IR with

the following properties:

, 1 x=x«
wi(x — x) = _ (2.452)
0 x-x'2p
dw; iy Wi
a(x x—O)—dx(x x=p)=0 (2.45b)
wib) < wia) Viabelx,pllb> a) (2.450)
lirré wi(x — x') = d(x — x7) (2.45d)
p—
Ck continuous k>0 (2.45¢€)

where p_ defines the support size of node i. eq. (2.45¢) states that the function must be monoton-

ically decreasing. An example of a weighting function, commonly used in the EFG literature,
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Figure 2.3: Quartic spline weight function

is the quartic spline with circular support centred at x, as shown in fig. 2.3:

1-6rr+8r-3rt r<l1
wi(r) = (2.46a)

0 r>1

x—x
r= u (2.46b)
pi
From the definition of the weight function we can now define the connectivity set S, ata general
point x € Q as a subset of the overall node set /N, associated with a non-zero weight function
w; at x:

S = {Ny | wi(x = x7) # 0} (2.47)

and we can then define the number of nodes » that contribute to the approximation at point x
as:
n =Sl (2.48)
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Solution

We can now write the summation in eq. (2.43) in an equivalent matrix form where:

J= % (Pa - u)T W (Pa — u) (2.492)

[ () o) e plx) |

p=| i) 2O e o) (2.49b)
| pi) pae) e pale) |
[ wi(x — xb) 0
wa(x — %)
W= ) (2.49¢)
L 0 w,(x — x™) |
ul =[up(x) wix) wax) us(x) . ()] (2.49d)
al =[ap(x) a(x) ax(x) as(x) . au(x)] (2.49¢)

We now find the minimum of function J with respect to the unknown approximation coeffi-

cients a:

9] _ (Pa—u)"WP =0

da (2.50)
= PTWPa = P"Wu

We now define:

A = PTWP (2.51a)
B=P'W (2.51b)

And therefore the solution for the coefficients a(x) is:
a=A"'Bu (2.52)
Substituting back into the original approximation eq. (2.39) gives the final approximation as:

up(x) = p'(x) - A (X)B(x)u (2.53)
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We can write this in the more familiar form:

un(x) = D pi(x)u; (2.542)
i€$),
¢(x) = p"(x)A~" (x)B(x) (2.54b)

Derivatives of the basis functions can be found by repeated application of the chain rule to

eq. (2.54b):

¢, =pA"'B+pTA}'B+pTAB) (2.55a)
Al = -AT1A A7 (2.55b)

A, =P'W,P (2.55¢)

B, =P'W, (2.55d)

where ,, refers to partial differentiation in direction k:

d

=2 56
= o (2.56)

In fig. 2.4 we show the basis functions constructed using the MLS method outlined above. For
comparison in fig. 2.5 we show the standard linear Lagrangian finite element basis functions
constructed on the triangulation of the same node set.

In this thesis we will refer to an approximation space constructed using the above moving
least-squares method eq. (2.54b) of order p on a specified node set /N, with N nodes in the

problem domain  with associated support radius vector p as:

MLS,(; Ny, p) = span {g;}" (2.57)

Consistency

One of the primary advantages of the MLS approximation is that it is trivial to build approxi-
mations of very high order consistency simply by increasing the order of the polynomial basis
p(x) and the weight function w;. This is particularly attractive in the context of plate and shell

systems as building basis functions with C' continuity that also fulfil second order consistency
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1.0

Figure 2.4: Basis functions constructed using first-order MLS method on unit interval with 6
evenly spaced nodes and uniform support size. Note the lack of Kronecker-delta
property and the non-vanishing contributions of the basis functions associated with
the internal nodes on the boundary of the domain.

1.0

Figure 2.5: Basis functions constructed using P, finite element method on unit interval with 6
evenly spaced nodes (5 elements). This basis has the Kronecker-delta property both
on the boundary and on the inside of the domain.
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is straightforward.

Continuity

It has been shown [13] that if p € C*(Q) and w; € C/(Q) then the basis functions are ¢ €
Cmin(k)(Q). For example, if we are using the fourth order spline w; € C?(Q) and a first order
polynomial basis p(x) = [1 x!] and x = [x!], which implies that p € C'(Q2), our final MLS
approximant will be ¢ € C!(Q).

Kronecker-delta property

The MLS approximants do not satisfy the Kronecker-delta property, meaning that in general:
uh(x’) # u; Vi (2.58)

Therefore we need to use special methods for imposing the essential boundary conditions on

I'p when using the standard MLS approximants in a Galerkin formulation.

However, by using a singular weighting function lim, , s w; — oo Lancaster and Saulskus
[13] showed that the Kronecker-delta property could be obtained with MLS-based approxi-
mants. A singular weight function is used successfully in [87] and [88] as the basis for an EFG
formulation. However Most and Bucher [89] state that using a singular weighting function
produces highly singular coefficient matrices A at the nodes x!. Their solution is to introduce a
regularized weighting function in [9o] that allows very close approximation of the Kronecker

Delta property.

Computational complexity

To efficiently compute the MLS basis functions the formulas used above should not be used
directly as they require large numbers of matrix-matrix multiplications and the direct compu-
tation of the matrix inverse of A. Belytschko et al. [91] demonstrate a method for the efficient
computation of MLS basis functions that utilises a single LU decomposition and repeated back

substitution with matrix-vector multiplication to find the derivatives of the basis functions.
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2.6 Shepard functions

Shepard functions are the zero-order consistent variant of the MLS approximation. If we let:

px) =1 (2.59)

then the resulting Shepard basis functions are given by:

wi(x — x)

—EJN — (2.60)

pi(x) =

The primary advantage of Shepard's method is that no matrix inversion is required and there-
fore the computational complexity compared to a p-order consistent MLS approximation with
p = 1is far lower. However, the zero-order consistency means that the Shepard functions are
not able to solve even a second order BVP. One solution to this problem is to extrinsically en-

rich the Shepard functions to the required consistency using the partition of unity approach

[1].

2.7 Maximum-Entropy method

Background

Shannon's [92] measure of informational entropy was postulated by Jaynes [93] as a means of
least-biased statistical inference when insufficient information about a probability distribution
is available. The Shannon entropy H of a discrete probability distribution p = {py, ps, ..., p}

associated with N events x = {xl, x2, .., xN ] is defined by:

N
H(p) = E(~Inp) = - Y, p;Inp; (2.61)
i=1

where E is the usual expectation function. Jaynes proposed that in the case when insufficient
information is available, the least-biased probability distribution p is the one that maximises
Shannon's measure of entropy H(p) subject to the known prior information about the distri-
bution [93]. Shannon originally introduced his measure of uncertainty in the context of com-
munication theory [92], and it has been widely applied in fields as diverse as biology [94] and

machine learning [95].

65



2 An overview of meshless methods

The maximum-entropy postulate is best explained using a few simple examples from elemen-
tary probability. Consider a situation where we have no prior information about a particular
pdf p with n possible outcomes. In this case it would seem logical to propose that each outcome
is equally likely (p; = 1/n) given that we have no information that would suggest otherwise. And

indeed the maximum informational entropy, max[S(p)], occurs when p; = 1/n.

A more interesting example occurs when we do have some testable information. The Bran-
deis dice problem was introduced by Jaynes during his 1962 lecture series on the maximum-
entropy principle [96]. Consider an unfair 6-sided die with n = 6 outcomes x = {1, 2, 3,4, 5, 6}
associated with the unknown discrete pdf p = {p, pa, 3, P4, Ps, Ps}. We wish to find the most
likely pdf p given the information I that the expected value of the probability distribution is 4.5:

N
I=E[x] = Zx"pi =4.5 (2.62)
i=1

This type of problem has a general solution originally proposed by Gibbs in the context of statis-

tical mechanics. Given constraints that consist of specifying the mean values F; of m functions

{(h(x), fo(x), ., fu(2)}:
Eplfk(x’) = F, k=1,..,m (2,63)

the solution can be found using the method of Lagrange multipliers {A,, ..., A,,}:

p; = m exp [—/\Lﬂ(xi) + ..+ —/\mfm(xi)] (2.64)

where Z(Ay, ..., A,,,) is called the partition function and is defined by:

ZAy, o Ay) = Z exp [Mfi(x) + o+ Afon (1) ] (2.65)

and the Lagrange multipliers can be determined via a system of m simultaneous equations:

d
&—MZ(/\I, /Am) = Fk k= 1, ., m (266)

We can apply this general framework to the Brandeis dice problem by letting m = 1, N = 6,
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2.7 Maximum-Entropy method

f=11,2,3,4,5,6} and EZI pifi(x’) = 4.5. Our partition function, Z(A) is [96]:

6
Z(\) = Y] exp(—il) (2.67)
i=1
=x+xX2+x3+xt+ x5+« (2.68)
1—x°
= X7 (2.69)

where x = exp(—A) and the final form was found using the geometric series expansion. We

now proceed to find the value of A [96]:

d d 1-—x8
—ﬁan——ﬁln[x- l—x] (2.70)
1 -7xb+6x (271)
T -0 -x) =71
=45 (2.72)
This results in the equation [96]:
3x7 =5x+9x—-7=0 (2.73)

with solution x = 1.44925 giving Z = 26.66365, A = —0.37105. The final least-biased proba-
bility distribution according to Jaynes' maximume-entropy principle that also satisfies the con-

straints can therefore be calculated by [96]:

1
pi = 7 exp(—Afy) (2.74)
p= {0.05435,0.07877,0.11416,0.16545,0.23977,0.34749} (2.75)

Jaynes states that this distribution "represents a state of knowledge in which one has only (1)
the enumeration of the six possibilities; and (2) the mean value constraint; and no other infor-
mation. The distribution is maximally non-commital with respect to all other matters; it is as
uniform (by the criterion of the Shannon information measure) as it can get without violating

the given constraint” [96].

In the first paper by Sukumar [97] the principle of maximum-entropy was used to generate

interpolants on polygonal convex domains. In the context of constructing a meshless approx-
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imation scheme, Sukumar [97] established that the basis functions ¢; could be identified as
discrete probabilities p; associated with the nodes located at x'. In the words of Sukumar et
al. [98]: "the basis function value ¢; is viewed as the probability of influence of a node i lo-
cated at a point x"." With this identification made, Sukumar [97] employed Jaynes' principle of

maximum-entropy inference to generate a least-biased meshless basis.

Arroyo and Ortiz [21] then introduced a modified entropy functional of the form:

H(g,x) = - Z ¢i(x) In @;(x) — B(x) Z ¢i(x) ||xi - x”2 (2.76)

where (x) € R is a parameter that can be varied to adjust the support width of the meshless
basis functions. When 8 — oo the Delaunay (linear finite element) interpolant is obtained, and
for f — 0 Shannon's standard measure of entropy is recovered. Adjustment of the parameter
B(x) across the domain can allow for seamless transition between regions discretised using finite

elements and regions discretised with meshless basis functions.

Later, in the most general approach, Sukumar and Wright [99] proposed the use of a relative
entropy functional which allows the choice of any sufficiently smooth prior weight function w;

associated with each node i:

Hig, w) = E¢<x>1 (“’i ;) (2.77)

It can easily be shown that for the choice of a Gaussian Radial Basis Function (RBF) for the
prior weight function w;(x) = exp(—p(x) ”xi - x||2) the modified entropy functional eq. (2.76)
of Arroyo and Ortiz may be recovered [99]. In this thesis we use the C? quartic spline as our

prior weight function:

1-6r2+8r-3rt, 0<r<l1
wi(r) = (2.78)
0, r>1

where r = ||xi - x” /p; and p; is the support radius of node i.
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2.7 Maximum-Entropy method

Construction

We follow the approach of Sukumar and Wright [99] to construct the basis functions, and a
brief overview is given here. The maximum-entropy basis functions ¢; may be found from the

solution of a convex optimisation problem of the form [99]:

min E 9,(x)In (‘P( ;) (2.792)
subject to the constraints [99]:
i ¢i(x) =1 (2.79b)
N
; gi(x)x" = x (2.79¢)
9:i(x) >0 Vi, x (2.79d)

Constraint eq. (2.79b) is the same as the condition of partition of unity and constraint eq. (2.79d)
is required to ensure that the basis functions can be interpreted as probabilities in the context
of Shannon's entropy functional. Constraint eq. (2.79¢c) ensures that the basis functions can
exactly reproduce linear polynomials.

The resulting convex optimisation problem is solved numerically using standard techniques
from the convex optimisation literature by considering the dual formulation, see eg. Boyd and

Vandenberghe [100]. The solution is [99]:

_ Zi(x; 1)
i(x) = Z(x: ) (2.80a)
Zi(x,A) = wi(x) exp (-4 - (x — x%)) (2.80b)
Z(x;A) = i Zi(x,A) (2.80¢)

where A = [A,A,, ... ,Ad]T is a vector of Lagrange multipliers and d is the dimensionality of
the domain. The solution for the Lagrange multipliers A" can be found from the following
optimisation problem:

A" = argmin InZ(1) (2.81)
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Denoting ¢ as the basis function solution corresponding to the Lagrange multipliers 1" calcu-

lated at a particular point x we can then write the basis functions as:

() = 25 L)
¢;i(x) = ZeX) (2.82)

and the basis function spatial derivatives as:

Vgi(x) = soi[ (x—x)-(H'-H"-4)

2.8
R E Vi, (2.83)
Ay
j=1 J
where:
ol Vw;
A= (- x)® —2 2.8
JZ pi(x-x)® (2.84)
and H is the Hessian matrix calculated with respect to the Lagrange multipliers:
N
H= Z(pj (x = x') ® (x — x7) (2.85)

j=1

The above equations for the shape function derivatives V¢j(x) simplify significantly when the

Gaussian prior weight function is used [99]:
Voi(x) = o;H "+ (x — x) (2.86)

In this thesis we will refer to an approximation space constructed using the above maximum-
entropy method eq. (2.79) on a specified node set N}, with N nodes in the problem domain Q

with associated support radius vector p as:

ME(Q; N, p) = span {gi}_ (2.87)

In fig. 2.6 we show the basis functions constructed using the MaxEnt method outlined above.
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1.0

Figure 2.6: Basis functions constructed using maximum-entropy method on unit interval with
6 evenly spaced nodes and uniform support size. Note that whilst the basis lacks
the Kronecker-delta property inside the domain, the basis has the Kronecker-delta
property on the boundary of the domain. All basis functions associated with the
internal nodes vanish on the boundary of the domain. This is the so-called *weak'
Kronecker-delta property.

Maximum-entropy basis functions have various advantageous properties over the more com-
monly used MLS basis functions which have seen wide application in the EFG method [16].
These properties include [21]; variation diminishing property (roughly speaking, the approxi-
mation is not more oscillatory than the data that it approximates), C° continuity [101] derived
using variational methods, C* continuity derived using the inverse function theorem [21],
positivity ¢; > 0 which leads to a positive mass matrix, and a *weak' Kronecker-delta property.

We will expand on the weak Kronecker-delta property here. It is well-known that the MLS
basis functions do not satisfy the Kronecker-delta property and therefore the trial and test func-
tion spaces cannot be built to satisfy the Dirichlet (essential) boundary conditions a priori [85].
We discuss special methods which solve this problem in section 2.11.

For maximum-entropy basis functions there is no need to resort to any special methods to
enforce Dirichlet boundary conditions. Arroyo and Ortiz [21] prove that for a node set /N,
with convex hull conv 2N, that the basis functions ¢; corresponding to nodes on the interior
of the convex domain vanish on the boundary. Furthermore, if a node is an extreme point of
conv N, then the basis functions will have the Kronecker-delta property ¢;(x') = §;. These

ideas are illustrated in figs. 2.7 to 2.11.The outcome of this is that imposing essential boundary
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Ve COnVN h

Figure 2.7: A node set N, and its (weakly) convex hull conv /N, shown by the yellow shaded re-
gion. Nodes {1, 3, 4, 5, 6} have the Kronecker-delta property (interpolatory), whilst
node 2 has the 'weak' Kronecker-delta property. All internal nodes (eg. node 7) are
non-interpolatory in a similar way to basis functions constructed with MLS. All ba-

sis functions associated with the internal nodes (eg. node 7) vanish on the convex
hull N,

conditions is as simple as in the FEM, greatly easing the implementation of meshless methods
based on maximum-entropy basis functions. For this reason maximum-entropy basis functions
are used widely in this thesis, although the developed mixed methods are generally applicable

to any type of meshless basis function construction.

Some other applications of maximum-entropy approximants include extension to second-
order consistency [102, 103], variational optimisation of the support width parameter 8 [104],

constructing smooth manifolds on scattered data points [105] and co-rotational elasticity [106].

2.8 Radial basis functions

We can trace the routes of radial basis functions (RBFs) back to scattered data approximation
problems in areas such as geophysics, mapping and meteorology [107]. Hardy [108] introduced
the class of RBFs known as multiquadrics in 1971, primarily for the purpose of interpolation
in mapping. Since then RBFs have become a popular choice in many applications that require

data interpolation on irregular grids of points in high dimensional space.
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Figure 2.8: MaxEnt basis function associated with the central node on a uniform 9 X 9 grid of
nodes.
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Figure 2.9: MaxEnt basis functions associated with the upper-right corner node on a uniform
9% 9 grid of nodes. As the corner node is an extreme point of the convex hull of the
node set the basis function associated with the corner node has the Kronecker-delta

property.
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Figure 2.10: MaxEnt basis function associated with a mid-side node on a uniform 9 X 9 grid of
nodes. As the side node is on the convex hull of the grid of nodes it has the weak
Kronecker-delta property. Unlike the corner node, the value of the shape function
at the node does not equal one, but all interior basis functions vanish. An example
of a vanishing basis function is shown in the figure below.
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Figure 2.11: MaxEnt basis function associated with a node near the convex hull on a uniform
9 X 9 grid of nodes. The basis function associated with this node vanishes on the
convex hull.
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2.8 Radial basis functions

Construction

We begin with a set of nodes I\, with locations x’. We can define the Radial Basis Function

interpolation as [107]:
N
(%) = Y cigp(llx = xll,) (2.88)

where c; are coeflicients to be found, ¢ is a radial basis function, and ||||, denotes the euclidean
norm in R%.
We require that the approximation exactly interpolates the function at the nodes i giving the

condition at every node ¥’ [107]:

() = 35 eIl — ;) (289)
= (Il = xlll) + - + il = 2M) = (2.90)

Therefore for every node j we have one interpolating condition equation, resulting in a set of

linear equations of the form [107]:

[l =2l gl =22l o gl =) [ e | o]
=) =) e o=t e | | |
g =) G0 =) g ) [[ e | [

Ac=u (2.92)

By solving the above system of linear equations for ¢ we have found a solution for the scattered

data interpolation problem with RBFs.

Choice of RBF

From linear algebra we know that the system of linear equations will have a unique solution
if the matrix A is non-singular. The matrix A is non-singular if and only if its determinant
|A| # 0. Currently there is no way of finding a class of radial basis functions that produce a
non-singular matrix A for any set of nodes /N, [107]. However, if we restrict the discussion

to positive definite matrices (which are always non-singular) then we can find classes of RBFs
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Radial basis function ® Parameters ~ Continuity
Polyharmonic splines r v>0,v€2IN m=v/2
r*klog(r) keN m=k+1
Gaussians  exp(—1?) None m=20
Multiquadrics (1 +7%)" v>0,v¢ N m=v
Inverse multiquadrics (1 + 7?)" v<0 m=0

Table 2.2: Commonly used radial basis functions [111].

&(||x|[) called positive definite radial functions that always produce a positive-definite A.

A real symmetric matrix A is positive definite if:
cAc">0 VYe=[c,..,cy]" € RY (2.93)

If the matrix A is positive definite then all of its eigenvalues are positive and therefore a positive

definite matrix is always non-singular:
detA #0 ifcAcT>0 VYe=]c, .. ,cN]T e RN (2.94)
A function @: R? - R is called a positive definite function on IR? if and only if [109]:

cAc">0 VYe=[c,..,cy]" € RN (2.95)

ol =) gl —2l) .l — V) |

¢(I|x2:—xlll) ¢<||x2:—x2|l> ¢<”xzij“> (2.96)

| ol =) ol =22) o Il = 2N]) |

for any set of pairwise distinct nodes x, ..., x¥ € R?. Bochner's theorem [107, 110] can then
be used to show that a particular function is indeed positive definite on all R¢ d > 1 and will
produce an invertible interpolation matrix A. A selection of commonly used positive definite

RBFs are shown in table 2.2 [111].
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2.9 Radial point interpolation method

2.9 Radial point interpolation method

The main drawback of the above approach is that approximations schemes are not even first-
order consistent [112]. This means that RBFs will not pass the patch test [107]. However we
can add in polynomial consistency with a simple polynomial extension to the RBF interpolation
[107]. This approach was originally proposed by Powell in 1992 [113] in the context of function
approximation, and then introduced by Wang and Liu in the context of meshless methods as
the radial point interpolation method (RPIM) [22].

The consistent approximation can be written [107]:
N M
u () = Y] clllx = xl) + 3] dpy(x) (2.97)
i=1 j=1

where p(x) is a complete monomial of order m with M terms in x as used in the moving least-
squares approximation method and d; is a further set of coefficients to be found. By enforcing
the interpolating conditions as in the standard RBF interpolation and including a further set of

conditions to ensure a unique solution [107]:
M
2 dipi) = 0 (2.98)
j=1

we can construct an augmented system of equations of the form [107]:

ARl

It can be shown that the above augmented equation is non-singular and has a unique solution

A P
PT 0

[107]. If we let:

A P
= (2.100)
PT 0
Then we can write the consistent approximation in vector form as:
up(x) = {¢7(x) p*(x)}G'u (2.101)

77



2 An overview of meshless methods

And the basis function vector is therefore defined by:

¢(x) = {¢"(x) p(0)}G (2.102)

In this thesis we will refer to an approximation space constructed using the above radial point
interpolation method eq. (2.102) of order p on a specified node set N}, with N nodes in the

problem domain Q with associated support radius vector p as:

RPIM,(0Q; N;, p) := span {g;}." (2.103)

1

Continuity

Even though we have added consistency to the RBF approximation we have introduced another
problem; the RPIM basis functions are, in general, not continuous across the entire domain [4].
This happens because as new nodes enter and exit the connectivity set S, the P matrix changes
abruptly. This means that RPIM basis functions whilst being smooth almost everywhere, typ-
ically have very small discontinuities meaning that strictly speaking the RPIM basis functions
are only members of the space L?(Q2). Therefore, technically speaking, RPIM is not a suitable
meshless basis function for discretising many weak forms arising from physical systems where
we require at least H!((2) continuity. In practice, and in our experience, it seems this is not a
particularly significant issue, and the huge number of successful papers in the literature using
RPIM basis functions would support this.

G. R. Liu has recently introduced the G space theory [114, 115]. It allows the basis functions
to have lower continuity in Q2 and thus allows RPIM functions to be used in so-called weakened-
weak (W?) variational forms. This works by relaxing or weakening the requirement that the
basis function lie in the space H!'. The first derivatives are then calculated by constructing
appropriate smoothing domains using background cells. This is a large topic that cannot be

covered in full here, further details can be found in [4, 114, 115].

Computational Efficiency

Similarly to the MLS method, the equations used above should not be used directly to compute

the basis functions. Liu and Gu [5] present an efficient method for computing the RPIM basis
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Figure 2.12: Wendland C? compactly supported radial basis function

functions utilising one LU-decomposition of G and then solving repeatedly for varying right

hand sides of the linear system for increasing orders of derivatives.

2.10 Compactly supported radial basis functions

A new class of compactly supported radial basis functions (CSRBFs) were introduced by Wend-
land in 1995 [116]. These RBFs have compact support, in contrast to the RBFs introduced in
the previous section that have global support. The primary advantage of compactly supported
RBFs is that the interpolation matrix A becomes sparse, allowing for optimised sparse solvers
to be used.

Buhmann's CSRBFs [117] contain the earlier CSRBFs of Wendland [116] and Wu [118] asa

special case. An example of one of Buhmann's strictly positive definite CSRBF is [117]:

¢(r) = 12rtlogr — 21r* + 321 — 1212 + 1, 0<r<li (2.104)
(2.105)

This function ¢ € C*(Q2) and is positive definite and radial on R¢ for d < 3.
Like the globally supported RBFs, CSRBFs also need polynomial extension to construct ap-
proximations that will pass the patch test. CSRBFs with first order polynomial consistency

have been used successfully by Itoh et al. to reconstruct 3D surfaces from a set of scattered data
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].2 T T 1 I

1.0

Figure 2.13: Basis functions constructed using Radial Point Interpolation Method (Wendland
C? CSRBF) method on unit interval with 6 evenly spaced nodes and uniform sup-
port size. This basis has the Kronecker-delta property both on the boundary and
on the inside of the domain.

points from an object scanner [119]. The augmented system of equations is of a very similar

form to that for globally supported RBFs.

2.11 Enforcing Dirichlet boundary conditions

In the FEM the basis functions satisfy the Kronecker-delta property and therefore Dirichlet
boundary conditions can be imposed simply by modification of the final system of linear equa-
tions. However, meshless basis functions do not typically satisfy the Kronecker-delta property
and special techniques must be used to impose Dirichlet boundary conditions.

According to Fernandez-Mendez and Huerta [85] these special techniques can be classified
into two main groups; the first are those based on modifying the weak form, such as the method
of Lagrange multipliers, the penalty method and Nitsche's method. The second are those that
modify the basis functions so that they do interpolate and satisfy the Kronecker-delta property
on I'p, thus allowing direct imposition of the Dirichlet boundary conditions as in the FEM. In
this section we discuss the the method of Lagrange multipliers, the penalty method, Nitsche's
method and coupling to finite elements as these are the most commonly used and generally

applicable techniques used in the literature.
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2.11 Enforcing Dirichlet boundary conditions

2.11.1 Lagrange multipliers

The Lagrange multiplier approach was introduced in the context of finite element methods by
Babuska [120]. By using Hamilton's principle we can write a general energy function of eq. (2.1)
in the form [32]:

vy =T-vV-w (2.106)

where T is the kinetic energy, V is the internal strain energy, and W is the work done by external
forces on the system. The solution u € F!(Q) minimises the energy functional and verifies the

essential boundary conditions on I'p [85]:

u=arg inf TI(v) (2.107)
veH (Q)
v=u VYxel'p
Alternatively, if we cannot enforce the boundary conditions due to the lack of Kronecker-delta
property we can re-write the above minimisation problem using the Lagrange multiplier A(x)
as [85]:

(u, 1) = arg 1nf sup II(v) + f y(v—u) dr (2.108)
H(Q) yeHV2(Ip) I'p

This constrained minimisation problem leads to a system of equations in the standard saddle-

] [ ] (2109)

where K is the standard stiffness matrix, G is a matrix of the integrated basis functions that

point form [85]:
K GT

approximate the Lagrange multipliers A on I'p, f is the standard force vector, and q is a vector
of the prescribed Dirichlet boundary conditions # integrated on I'p.

Whilst the Lagrange multiplier method is broadly applicable and straightforward to imple-
ment, the augmented system of equations has increased dimensions over K, is no longer positive
definite like K, and can be singular if too many Lagrange multipliers are used to constrain the

solution. These issues are discussed in depth by Fernandez-Mendez and Huerta [85].

2.11.2 Penalty method

The penalty method was introduced in context of meshless methods by Zhu and Atluri [121]. In

the penalty method the minimisation problem can be solved by the use of the penalty parameter
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a [85]:

u = arg vei}ﬂnfﬂ) I1(v) + %(xfr (v—u)*dr (2.110)

D
The constraint has been enforced by adding the square of the constraints # multiplied by a
very large number a. The penalty method has the advantage that the size of the system of
linear equations remains the same and is still positive definite [85]. However, with increasing
« the system of equations becomes increasingly ill-conditioned [85]. Choosing « so that the
boundary conditions are well imposed whilst still ensuring that the system of equations remains

sufficiently well-conditioned can be difficult.

2.11.3 Nitsche's method

Nitsche's method [122] can be interpreted as a consistent improvement of the penalty method
[85]. Only very low values of the new penalty parameter 5 need to be used, on the order of
B~ 100 in Nitsche's method compared with to « «~ 10° in the penalty method, resulting in
well-conditioned systems of equations [85]. The main problem with Nitsche's method is that
the modified weak form must be specially derived for each problem, whereas for the Lagrange
multiplier approach and penalty method generalisation to arbitrary weak forms is straightfor-
ward [85].

2.11.4 Coupling to finite elements

Coupling meshless approximants to finite elements is useful on two levels: firstly the FE basis
functions satisty the Kronecker-delta property and therefore boundary conditions can be di-
rectly imposed, and secondly it allows for regions of the problem solution to be approximated
using computationally cheaper finite elements.

There have been multiple efforts to couple mesh-free approximations with finite elements.
Belytschko et al. [123] used a ramp function to continuosly blend in a transition element
between a coupled approximation consisting of the MLS approximation and finite elements.
Huerta and Fernandez-Mendez [124] generalised Belytschko's approach to allow arbitrary con-
sistency without any ramping function. Wagner and Liu [125] proposed a method that allows
the mixing of different interpolation spaces with finite elements. As a side effect they found

that it also solves the problem of imposing Dirichlet boundary conditions in meshless methods

[125].
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2.12 Implementation

All of the meshless numerical methods developed in this thesis have been implemented in the
framework of a general meshless and finite element framework called pymfl. pymfl is primarily
implemented in Python with various small pieces implemented in C/C++ for performance rea-
sons. To calculate the meshless basis functions the pymfl package uses our external C++ library
meshless wrapped via Boost.Python [126]. The meshless library supports maximum-entropy,
MLS and RPIM basis functions. The pymfl package also uses various open-source software
components. DOLFIN is used for the mesh data structure [127] and FIAT [128] for the finite
element basis function tabulation. Nearest-neighbour searching is accelerated using the ckdtree
library from Scipy [129]. Sparse linear algebra is handled using the PyTrilinos framework from
Sandia National Labs. Because of the object-oriented design of pymfl it is relatively easy to im-
plement new problems quickly into the framework. We show an example pymfl solver for the

Timoshenko beam problem in the following chapter.

2.13 Conclusions

In this chapter we have explored various methods for constructing meshless basis functions
and their corresponding mathematical properties. Particularly important is the problem of
enforcing Dirichlet boundary conditions. Currently there are two options; the first option is to
use a modified variational form with a basis function with the Kronecker-delta property, and
the second is to use a basis function with the Kronecker-delta property. Whilst the maximum-
entropy approach does have the *weak' Kronecker-delta property allowing direct enforcement
of Dirichlet boundary conditions on convex node sets, this advantage comes at the expense of
allowing easy extension to second-order or higher consistency. The radial point interpolation
method (RPIM) has the standard Kronecker-delta property just like the FEM, but the basis
functions are not necessarily continuous across the domain and strictly speaking requires the
use of special weakened-weak variational forms for the best accuracy. Therefore in our view
there is currently no meshless basis function construction which is suitable for all problem

types and the best option must be chosen on a case-by-case evaluation.
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3 A study of the shear-locking problem in the
Timoshenko beam problem with meshless
methods

In this chapter we outline the assumptions and the weak form of the Reissner-Mindlin plate
problem before moving on to perform numerical experiments with the Reissner-Mindlin

problem's one-dimensional analogue, the Timoshenko beam problem.

We define parameters ¢ and p allowing an appropriate scaling of the applied load ensuring
a sequence of problems with finite limit solution (Bernoulli) as the small parameter ¢ — 0.
We then transfer from the continuous problem to a discrete form suitable for solution via
finite element or meshless methods. Using simple function space arguments we show that
the origin of the locking problem in both the meshless and finite element methods; the

inability of the basis functions to richly represent the limiting Kirchhoff mode.

We then present numerical results from both meshless and finite element methods show-
ing the broadly similar behaviour with respect to the small parameter € under 4 and p re-
finement. Additionally, we study the effect of the support width parameter 8 in meshless
methods. We clearly identify the sensitivity of the meshless numerical methods shear-
locking behaviour with respect to the discretisation parameters. This understanding is a
key aspect in designing a meshless numerical method that is free of shear-locking. To our
knowledge these fundamental experiments have not been performed using meshless basis

functions before.

3.1 Introduction

Before solving a problem it is important to understand its origins. The aim of this chapter is
to explore the origins of shear-locking problem in numerical methods and understand in what
way the magnitude of the shear-locking problem depends on the discretisation parameters. In

this chapter we perform a set of numerical experiments using both finite element and meshless
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methods which reveal in a simple way the dependence of shear-locking upon the discretisa-
tion parameters in both meshless and finite element methods. To ascertain this we perform
a numerical extended versions of an experiment originally suggested by Chapelle and Bathe
[40]. To our knowledge this is the first time these experiments have been performed for the h
and p-refinement finite element methods as well as 4 and p-refinement meshless methods and

analysed in a comparative manner.

3.2 Plate theories

In this section we give an overview of the assumptions of both the Kirchhoff and the Reissner-
Mindlin plate models and give an outline of the weak formulation of the Reissner-Mindlin

problem.

3.2.1 The Kirchhoff-Love plate problem

The Kirchhoff-Love plate problem is illustrated in fig. 3.1. The assumptions made in the deriva-

tion of the Kirchhoft-Love plate problem are as follows:

Geometry The three-dimensional elasticity problem domain Q C IR® has one thin dimension
in the x; direction. The plate mid-surface is then described by the domain Q, C RR?
and the thickness by a function ¢ : Qy — (0,00). The coordinates (x;, x,) lie on the

mid-surface of the plate. Therefore the whole domain Q C R can be written as:

Q= {(x11x2,x3) eR’ 1 (x1,x,) € Qy, x5 € [—H(x1,%,)/2, t(x1, xz)/Z]] (3.1)

Mechanics Straight lines perpendicular to the mid-surface of the plate before loading occurs
remain straight after loading. The transverse normals do not elongate. Therefore plane

stress assumptions apply o3; = 0.

Kinematics The transverse normals rotate such that they remain perpendicular to the mid-
dle surface after loading. We can then assume that the three-dimensional displacement

vector u : Q — IR? can be written in the following form:

J J
u(x,, X, X3) = (Zl(xli X) — ﬁxy 25(x1, %) — ﬁx& z3(x1, xz)) (3.2)
axl 8x2
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3.2 Plate theories

Figure 3.1: Illustration of the Kirchhoft plate problem.

3.2.2 The Reissner-Mindlin plate problem

The Reissner-Mindlin plate problem is illustrated in fig. 3.2. The assumptions made in the

derivation of the Reissner-Mindlin problem are as follows:

Geometry The same geometrical assumptions are made as in the Kirchhoff-Love hypothesis.
Mechanics The same mechanical assumptions are made as in the Kirchhoff-Love hypothesis.

Kinematics The transverse normals are allowed to rotate relative to the middle surface after
loading. We assume that the three-dimensional displacement vector u : Q — IR can be

written in the following form:

u(xy, %2, %3) = (21(x1, %2) = 01(x1, %2)x3, 22(X1, %) = 02(X1, %2)X3, 23(x1, X2)) (3.3)

In other words, the motion of a material line normal to the plate mid-surface can be decom-
posed into an in-plane displacement (z;, z,) along with a rotation 8 = (6,, 6,) around the (x,, x;)
axis respectively, along with a normal displacement z;. These kinematic assumptions lead to
transverse shear stresses €,3(x) # 0 a = 1,2. Contrast this with the Kirchhoff plate model
where it is assumed that @ = Vz;, or material lines normal to the plate mid-surface remain nor-

mal to the surface after deformation, giving €,3(x) = 0. In this context the Reissner-Mindlin
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3 A study of the shear-locking problem in the Timoshenko beam problem with meshless methods

Figure 3.2: Illustration of the Reissner-Mindlin plate problem.

model can be seen as a first-order relaxation of the Kirchhoff model constraint 6—Vz; = 0. The
relaxation of the Kirchhoff hypothesis in the Reissner-Mindlin model has three main advan-
tages, two of which relate to the accuracy of the physical model of the plate, and one relating
to the ease of constructing appropriate numerical methods. Firstly, the interior solution (far
away from the edges) includes the effect of shear deformation, and is therefore more accurate
than the Kirchhoff hypothesis for thicker plates [130]. Secondly, the Reissner-Mindlin model
has a more physically representative approximation to the behaviour of the plate at the edge-
zone portion [130], which typically includes boundary layer phenomenon [131]. Finally, the
resulting weak form of the Reissner-Mindlin equations requires only that the solution (z3, 0)
be in the Sobolev space [H'(2,)]°, whereas the Kirchhoff weak form requires that the solution
z3 has greater regularity in the Sobolev space H2(,) [40]. The practical outcome of this is that
to solve the Reissner-Mindlin problem C° continuous finite element can be used, whereas for
the Kirchhoft problem more exotic C! continuous finite elements such as the Argyris triangle

[132] are required.

The actual derivation of the Reissner-Mindlin problem is somewhat lengthy and we opt to
jump directly to the weak form of the Reissner-Mindlin plate problem here. A full derivation
is given by Hardesty [133]. In this derivation it assumed that the thickness is independent of
position ie. #(x;,x,) = t, that the plate material behaviour is homogeneous and isotropic and

that loading is applied only in the transverse direction z;.

Problem 3 (Displacement weak form of the Reissner-Mindlin plate problem). Find the trans-
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3.3 The Timoshenko beam problem

verse deflection and rotations (z;,0) € Vs X R such that:

P [ L@ et a0+t [ (V2= 6)- (Vs -myd0 = [ piyd0 Vi m) € Vix R
Q Q Q,
(3.42)

The operators € : [H'(Qy)]* — [L*(Q0)]*? and L : [L2(Q)]7? — [L2(Qy)]7* are defined as:

((V9) +(V»)7) Ll = D[(1 - v)e+ vir(e)]] (3.4b)

N —

e(v) =

where I is the usual identity tensor, D = E[12(1 —?) is the bending modulus, A = Ex/(2(1 +v)) is
the shear modulus, k = 5/6 is a shear correction factor', v is Poisson'’s ratio, E is Young's modulus,
t = t/L is the plate thickness scaled with respect to the characteristic in-plane dimension L and p;

is the transverse loading function.

We can write the above problem in a simplified short-hand form by defining:

w®n) = [ LeO): eln) dO 3:59)
QO
ai(0, 251, y5) = f (Vzs - 6) - (Vys — 1) dO (3.5b)
Q
= an .
g(ys) L0P3y3 (3.5¢)

as the bilinear and linear forms relating to the bending energy, shear energy and external load-
ing of the plate, respectively, then we can re-write the Reissner-Mindlin problem in the follow-

ing short-hand form:
Pay(0; 1) + Aay(0, z5; 1, y3) = g(y3) (3.6)

3.3 The Timoshenko beam problem

The Timoshenko beam problem is a reduced-dimension version of the Reissner-Mindlin prob-
lem; it encapsulates the similar physics, that is, the deformation of a three-dimensional struc-

ture with planar dimensions far greater than the the thickness whilst taking into account the

In the three dimensional elastic body the shear stresses vanish on the top and bottom surfaces of the plate, but
the Reissner-Mindlin assumptions enforce a linear variation in shear stress. To correct this discrepancy the
shear energy is multiplied through by «.
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3 A study of the shear-locking problem in the Timoshenko beam problem with meshless methods

effect of transverse shear stresses. Furthermore, naive numerical discretisations of the Timo-
shenko problem suffer from exactly the same shear-locking problem as those of the Reissner-
Mindlin problem. In the more exacting mathematical aspects the Timoshenko beam problem
is considerably simpler the the Reissner-Mindlin problem, and in terms of understanding how
the discretisation parameters effect the strength of the shear-locking problem it is also much
simpler. This makes it a good candidate problem for performing initial numerical experiments

which will assist in the development of locking-free methods for the Reissner-Mindlin problem.

3.3.1 Continuous form

By setting Poisson's ratio v = 0, neglecting all terms involving variables in the x, direction
and setting 6, = 0 in the Reissner-Mindlin plate problem eq. (3.4) we arrive at the following

continuous form of the Timoshenko beam problem:

Problem 4 (Displacement form of the Timoshenko beam problem). Consider a straight beam
of length L with constant rectangular cross-section depth b and constant thickness t. The problem
domain is Q = (0, L). The weak form of the problem can be written as follows:

Find the transverse displacements and rotations (z;,0) € VT such that:
B [ 0 do+ G [ =00y - d0= [ pysd0 Voume VT G7)
0 0 0

where E is Young's modulus, G is the shear modulus, x is a shear correction factor and I is the

second moment of inertia of the cross section.

Boundary conditions are specified as being clamped at both ends giving the following spec-

ification for the function space V7
2
Vi ={osn e Vix R=[mO] | (3.8

where Hy(Q) € H'(Q) is the standard Sobelev space of square integrable functions with square

integrable derivatives in  with vanishing values on the boundary I. We now define the fol-

1 [ EI  __ psl?
T IVG PTE (3.9)

allowing us to scale the load by a factor of €. In rough terms, this scaling with € ensures a finite

lowing parameters:

solution as the beam thickness ¢ is reduced whilst keeping the other problem variables fixed.
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3.3 The Timoshenko beam problem

After performing the appropriate scaling we have the following scaled version of the original

problem:

Problem 5 (Scaled displacement Timoshenko beam problem). Find (25, 6¢) € VT such that:

£

’ 1 / ~
v owdos s [@& =000 -mdo= [ prdo Voume VT (o)
0 0 0

We can now define a sequence of problems {(z_i,, 68)} that converges in the limitas e — 0 to
the thin beam or Bernoulli solution (23, 6°). We will refer to the solution (23, 8°) as the Bernoulli
solution or thin beam solution and this solution can be found by solving the following limit

problem:

Problem 6 (Scaled Bernoulli beam problem in rotation variable). Find (23,6°) € V| such
that:

sz 'y dQ :ff)y3 dQ Yy, n) eV} (3.11)
o 0

where V! is the set of pure bending displacements:
Vi ={osmeVTivi-n=0]} (3.12)

Then by substituting 0° = 2z} and n = y} into eq. (3.11) we can eliminate the rotation variables

to obtain the classical Bernoulli beam problem in terms of the transverse displacement z3 only:

Problem 7 (Scaled Bernoulli beam problem in transverse displacement variable). Find z3 €
VQ such that:

sz 2y"ys" dQ = fﬁ)@ dQ Yy, e VY (3.13)
o Q

where "V is the space of square integrable functions with square integrable first and second deriva-

tives with vanishing value and derivatives on I':
VY = Hy(Qo) = {ys € HH(Q) | ¥(0) = v'(0) = v(L) = v'(L) = 0} (3.14)

The classical Bernoulli beam problem is the reduced-dimension version of the Kirchhoft-
Love plate problem. The strong form of the Bernoulli beam problem is a fourth-order PDE
which results in a weak form with second-order partial derivatives requiring a solution z; €
Hy(0).
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3 A study of the shear-locking problem in the Timoshenko beam problem with meshless methods

We can now see that in the limit as ¢ — 0 the Timoshenko problem coincides exactly with the
classical Bernoulli problem. This is what we would expect on an intuitive physical level; given
that both mathematical models claim to accurately describe the deformation of a beam under
mechanical loading we would naturally expect that both models would give the same answer
for a thin beam. Of course, for moderately thick beams, the relaxed hypothesis of the Timo-
shenko theory gives a more physically accurate model of the three-dimensional body than the
Bernoulli theory. We have seen mathematically that in the continuous form the two problems
do indeed agree. However, on moving to a discretised form of the Timoshenko beam problem
we typically find that as e — 0 the sequence of problems fails to converge to the correspond-
ing Bernoulli solution, resulting in wildly inaccurate results. It is this problem which we call
shear-locking. It is important to emphasise that the shear-locking problem is caused only by
poorly designed numerical methods, not by any inherent issues with the mathematical models
which describe the underlying physical phenomenon. We will demonstrate the shear-locking

issue both mathematically and numerically in the following sections.

3.3.2 Discretised form and locking

To discretise the Timoshenko beam problem we introduce the finite-dimensional conforming
subspace V,I € VT constructed with any standard partition of unity process such as the FEM
or meshless methods. We then have the following discretised version of the scaled Timoshenko

beam problem:
Problem 8 (Discretised scaled Timoshenko beam problem). Find (2, 6) € V,I such that:
szge'n’ d9+8lzfg(z3f—9)(y3'—n) d0 = fopyS A0 Vysm) e Va xR, (315
Remember previously that we defined the thin-beam or Bernoulli solution (23, 6°) as the

solution to the limit problem. In exactly the same manner we can define the discrete Bernoulli

solution (z),, 63,) as the solution to the following discrete limit problem:

Problem 9 (Discrete scaled Bernoulli beam problem in rotations). Find (23,,6)) € Vou such
that:

sz 'y dQ :f[?y3 dQ Y (y5,1) € Vo (3.16)
o Q
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3.3 The Timoshenko beam problem

Figure 3.3: Illustrative Venn diagram of the space of discrete pure bending displacements.

where "V, is the set of discrete pure bending displacements:
Vo = {05, m) € Var X Ry | v =5 =0} (3.17)

The key to understanding locking is to examine the function space Vj, closely. We can re-

write the function space V), as:
Von = (%h X Rh) NV, (3.18)

That is, the space of discrete pure bending displacements is the intersection of the discrete
spaces ( Vs, Ry) and the space of pure bending displacements. It is the ‘richness' of this inter-
section space which governs the quality of the solution; if the space is not "rich' enough, then

shear-locking will occur.

In some extreme cases the space V), reduces to the zero function. We can show this extreme
case using a very simple example. We take V3, and R, to be constructed using piecewise
linear finite elements on a mesh with uniform element size. We enforce fully clamped Dirichlet

boundary conditions at both ends of the beam, that is:

Vi = Ry € Hy(Q) (3.19)

First note that the rotations 8, must be zero on the boundary. Furthermore as a natural con-
sequence of using piecewise linear elements the derivatives of the transverse displacements are
piecewise constant. Because we are looking for a pure bending solution, that is, one that satis-

fies the Kirchhoff constraint z}, — 6, = 0, then the only possible solution is 6, = 0 and z;, = 0.
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3 A study of the shear-locking problem in the Timoshenko beam problem with meshless methods

The finite element discretisation has produced a numerical model that is overly-stiff, hence the

term ‘locking'. Essentially this discretisation scheme is useless.

3.3.3 Shear-locking in the finite element method

We can demonstrate shear-locking numerically and examine the effect of h and p refinement on

shear-locking using the DOLFIN finite element framework [127]. We choose a simple problem,

namely a cantilever beam with a point load as illustrated in fig. 3.4. Using the same scaling as

for the weak form of the problem, the strong form has the following classical analytical solution

for the tip deflection:

pL
3

which in the limit as ¢ — 0 corresponds to the well-known Bernoulli solution:

Z(x; = L) = == (1 + 3&?) (3.20)

pL  PL3
zg(x3 =L)= P? = 3E] (3.21)

We set p = 3 and L = 1 so that our limit Bernoulli solution is exactly 1 and the Timoshenko
solution is:
ZI(L) = 1 + 3¢ (3.22)

We then implement a numerical scheme using N equal-sized linear polynomial finite elements
CG; to discretise the domain (. An example solver implemented using DOLFIN is shown in

algorithm 1.

Locking

In figs. 3.5(a) to 3.5(c) we show deflection z; plotted along the length of the beam [0, L] for three
values of € = {1.0,0.01, 0.001} respectively, whilst keeping the discretisation fixed with N = 10
finite elements along the length of the beam. For ¢ = 1.0 the numerical solution clearly matches
the exact solution. For ¢ = 0.01 there is a significant discrepancy between the numerical and
exact solutions. Finally for ¢ = 0.001 shear-locking has produced the zero function, matching
the theoretical prediction above. The shear-locking phenomenon has effectively rendered this

discretisation scheme completely useless for thin beams.
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3.3 The Timoshenko beam problem

Algorithm 1 Code for implementing cantilever beam problem in the Python interface to
DOLFIN

import numpy as np
from dol1fin import *

# Mesh and functions

nx = 10
mesh = UnitInterval(nx)
degree =1

V_3 = FunctionSpace(mesh, "CG", degree)
R = FunctionsSpace(mesh, "CG", degree)

U = MixedFunctionSpace([R, V_3])

R, V_3 = U.split(Q

theta, z_3 = TrialFunctions(U)
eta, y_3 = TestFunctions(U)

# Loading
end_point = Point(1.0)
f = PointSource(Vv_3, end_point, 1.0)

# Constants
epsilon = 1.0

L=1.0
C_s = Cconstant(epsilon**-2.0)
C_b = Constant(L**2.0)

# Bilinear and linear forms

A = inner(grad(theta), grad(eta))*dx + epsilon**-2*inner(grad(z_3) - theta,
grad(y_3) - eta)*dx

L = Constant(0.0)*y_3*dx

# Cantilever BC
def left_boundary(x, on_boundary):
tol = 1E-14
return on_boundary and np.abs(x[0]) < tol

zero = Constant(0.0)

bcl = DirichletBc(v_3, zero, left_boundary)
bc2 = DirichletBC(R, zero, left_boundary)
bcs = [bcl, bc2]

# Assemble, apply boundary conditions, apply point load and solve
u_h = Function(u)
A_matrix = assemble(A)
b_vector = assemble(L)
for bc in bcs:
bc.apply(A_matrix, b_vector)
f.apply(b_vector)

solver = LUSolver(A_matrix)
solver.solve(u_h.vector(), b_vector)
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Figure 3.4: Cantilever beam loaded with transverse point load at tip.

h-refinement

Let's take a closer look at the effect of the parameter ¢ on the convergence of the transverse
deflection at the tip of the beam x; = L. We take as a measurement of error the value of
z3u(L)/z1(L), therefore a value close to o denotes a very large error, and a value close to 1 denotes
a very small error. This is a suitable error measure for the one-dimensional problem because
point-wise convergence implies convergence in the H! norm.

We run the simulation for varying values of ¢ and varying numbers of elements N. This ex-
periment was also performed by Chapelle and Bathe [40]. The results are shown in table 3.1.
Increasing the number of elements N corresponds to the classical h-refinement procedure. First
of all we note that for any N the convergence of the numerical scheme always deteriorates for
decreasing values of e. Secondly, to achieve convergence for small values of ¢ we require ex-
tremely large values of N. Finally, there is a clear diagonal pattern in the table; for example, to
achieve a fixed convergence value of 0.92308 for decreasing ¢ the number of elements must be
varied as 1/e.

From a practical perspective it is clear that the standard CG;, finite element scheme is inca-
pable of obtaining convergence without using an unfeasibly high number of elements which
naturally consumes significantly more computational resources. For example, to achieve an
error of 0.99917, for a moderately thin structure with ¢ = 0.01 we must use 1000 CG; finite
elements, resulting in a linear system of size 3003 X 3003. However if our numerical scheme
behaved in a more uniform manner with respect to ¢ we might expect in the best case to achieve
the same level of convergence with only 10 CG; finite elements, which results in a linear sys-
tem of size 33 X 33. A rough estimate based on a solver with O(Nlog N) complexity results
in the linear system solve alone taking roughly 200 times longer for the larger problem, not to

mention the increased memory requirements and assembly time. In summary, the CG; finite
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(a) Beam deflection z; for ¢ = 1.0 along the length of the
beam. Numerical solution and exact solution are nearly
indistinguishable.
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(b) Beam deflection z; for ¢ = 0.01 along the length of the
beam. Numerical locking is beginning to occur.
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(c) Beam deflection z; for ¢ = 0.001 along the length of
the beam. The numerical scheme produces the zero func-
tion.

Figure 3.5: Beam deflection z; for increasingly thin beams using CG; finite element method.
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Table 3.1: The effect of h-refinement on the error z3;,(L)/z;(L) at the tip of the cantilever beam.
CG, FEM.

N dim(U) e=1 e=01 €=0.01 £=0.001 &=0.0001

1 4 0.92308 0.10714 0.00120  0.00001 0.00000

10 22 0.99917 0.92308 0.10714  0.00120 0.00001
100 202 0.99999 0.99917 0.92308 0.10714 0.00120
1000 2002 1.00000 0.99999 0.99917  0.92308 0.10714
10000 20002 1.00000 1.00000 0.99999  0.99942 0.92292

element scheme requires unfeasibly large computational resources to achieve only mediocre
results for the Timoshenko beam problem.
The above numerical results can be summarised with the following standard error bound
[134]:
llz3 = Zanll 2 < € (e, Q) h? 1231120y (3.23)

where C is a positive constant that is a function of the parameter ¢ raised to some negative
power n € IN and h = 1/N is the element length. The above standard estimate states that
the error in the solution ||z; =zl @ is bounded by three main quantities; firstly the second
derivatives of the solution |z ., secondly the element size squared h?, and finally the constant
C which is dependent on both the small parameter raised to some negative power ¢ and the
domain Q. If ¢ is very small, the constant C will consequently be extremely large. As |z;|,, is
fixed for any given problem the only way to counteract the effect of a large C on the error bound
is to drastically decrease the element size h. This analytical result reflects exactly the numerical

results shown in table 3.1.

p-refinement

The analytical result in section 3.3.3 can be extended to cover Lagrangian elements CG, of

arbitrary polynomial order p. The resulting error bound is [134]:
||Z3 - Z3h||L2(Q) S C(e_nl ‘Q) hP+1 |Z3|Hp+l(Q) (324)

This immediately suggests that another way of combating the growing constant C s to increase

the polynomial order p of the approximation. To investigate this approach we run the simu-
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3.3 The Timoshenko beam problem

lation for varying values of € and varying values of p, whilst keeping the discretisation fixed
with N = 10. The results are shown in table 3.2. We can see that convergence does improve
for increasing polynomial order p, although it still deteriorates as ¢ — 0. Furthermore there
appear to be some numerical issues when p = 5, probably related to ill-conditioning of the

finite element basis for higher p.

Table 3.2: The effect of p-refinement on the error z3,(L)/z3(L) at the tip of the cantilever beam.
CG, FEM.

p dim(U) e=1 e=01 €=0.01 £=0.001 £=0.0001 e=1e—-05 e=1e—-06

1 22 0.99917 0.92308 0.10714 0.00120 0.00001 0.00000 0.00000
2 42 1.00000 0.99996 0.99844  0.99752 0.99752 0.99935 1.23745
3 62 1.00000 1.00000 1.00000  1.00000 1.00000 0.99970 0.97675
4 82 1.00000 1.00000 1.00000  1.00000 0.99996 0.99638 0.75800
5 102 1.00000 1.00000 1.00000 1.00000 0.99984 0.98451 0.39758

3.3.4 Shear-locking in meshless methods

Similar results can be obtained using the pymfl meshless package. The purpose of this section is
to demonstrate that moving to meshless methods does not solve the shear-locking problem, and
to compare and contrast the behaviour of the meshless method to the finite element method.

An example solver using the pymfl library is shown in algorithm 2.

Locking

Similarly to before, in figs. 3.6(a) to 3.6(c) we show the deflection z; plotted along the length
of the beam [0, L] for three values of ¢ = {1.0,0.01,0.001} respectively, whilst keeping the dis-
cretisation fixed (maximum-entropy basis functions, N = 10, fixed and constant support size
p = 0.24). We can see that for ¢ = 1.0 the numerical solution and the exact solution are nearly
indistinguishable, and as € decreases severe numerical locking begins to occur. This is the same
behaviour that the CG; finite element scheme shows, and demonstrates that there is nothing
inherent in moving to a meshless formulation that alleviates locking.

In fig. 3.7 we compare the behaviour of the CG, and meshless formulation by plotting the tip

deflection z3(x; = L) against the parameter e. Additionally, we show both the Bernoulli and
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3 A study of the shear-locking problem in the Timoshenko beam problem with meshless methods

Algorithm 2 Code for implementing cantilever beam problem using the pymfl library

import numpy as np

import dolfin as df
import pymfl as mfl

from pymfl.forms.timoshenko import Bending, Shear

nx = 10
beta = 2.0

mesh = df.unitInterval(nx)
nodes = mfl.uUnitInterval(nx + 1)

support_radius = (1.0/float(nx))*beta*1.2
nodes.set_constant_support_radius(support_radius)
nodes.init(Q)

V_3 = mfl.MaxEnt(mesh, nodes, description='transverse displacement')
R = mf1.MaxEnt(mesh, nodes, description='rotations')

c
|

= mf1.MixedFunctionSpace(mesh, [R, V_3], description='timoshenko beam space')
u.finalise(Q)

R, V_3 = U.split(Q

quadrature_order = 6

points_hat, weights_hat = mfl.quadrature_schemes.create_quadrature("interval",
quadrature_order)

R.clone_basis_functions_cache(Vv_3)

bending = Bending(R=R, points_hat=points_hat, weights_hat=weights_hat)
shear = shear(u=U, epsilon=epsilon, points_hat=points_hat, weights_hat=weights_hat)

a
L

[bending, shear]

(]

u_h = mfl.Function(u)
problem = mfl.LinearvariationalProblem(a, L, u_h)
problem.assemble()

end_point = np.array([1.0])
f = mfl.PointSource(v_3, end_point, 3.0)
f.apply(problem.b_vector())

d = lTambda x: 0.0

bc_left_theta = mf1.DirichletBC(R, d, Teft_boundary)
bc_left_w = mfl.DirichletBC(v_3, d, left_boundary)
bcs = [bc_left_theta, bc_left_w]

for bc in bcs:
bc.apply(problem.A_matrix(), problem.b_vector())

problem.solve()
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(a) Beam deflection z; for ¢ = 1.0 along the length of the
beam. Numerical solution and exact solution are nearly
indistinguishable.
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(b) Beam deflection z; for ¢ = 0.01 along the length of the
beam. Numerical locking is beginning to occur.
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(c) Beam deflection z; for ¢ = 0.001 along the length of
the beam. Servere numerical locking has occurred.

Figure 3.6: Beam deflection z; for increasingly thin beams using MaxEnt meshless method.
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Figure 3.7: Graph showing the tip deflection computed with CG; FE and MaxEnt meshless
methods with N = 10 for varying values of . The analytical Timoshenko solu-
tion coincides exactly with the analytical Bernoulli solution in the thin plate limit
ataround € < 5 X 1072

Timoshenko analytical solutions. Neither numerical method matches the Timoshenko analyti-
cal solution for the full range of e. Additionally we can see that whilst the meshless formulation
behaves better than the CG; formulation, both have begin to lock in the range 1072 < ¢ < 1071,

h-refinement

We begin by performing the equivalent of an h-refinement experiment using maximum-entropy
basis functions. The domain is discretised using N + 1 equally spaced nodes. We keep the sup-
port size p, constant with respect to the average nodal spacing; that is, if & is the distance to
the nearest node, then 2h is the distance to the second nearest node. We then multiply by a
small constant factor a, = 1.2 to ensure that a total of 4 nodes are in the support of every node

situated far away from the boundary:

pa = &, X 2h (3.25)

We run the simulation for varying values of N and varying values of € and the results are shown

in table 3.3. For N = 1 the errors are identical to those for the CG, FE scheme, due to the
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3.3 The Timoshenko beam problem

maximum-entropy shape functions coinciding with the linear finite element in the limit. For
any N the convergence of the numerical method always deteriorates for decreasing values of
&, and extremely large values of N are required to obtain convergence with small values of e.
Finally, there is a clear diagonal pattern in the table once N > 1 or once the meshless character
of the shape functions is activated. Thus to achieve a fixed convergence value of around 0.998
the nodal spacing must be varied on the order of 1/e. In summary the meshless method shows
broadly similar behaviour with respects to the parameter ¢ to that of the finite element method

under an equivalent of the h-refinement procedure.

Table 3.3: The effect of h-refinement on the error z3,(L)/z;(L) at the tip of the cantilever beam.
N dim(U) e=1 e=0.1 =001 &£=0.001 &=0.0001

1 4 0.92308 0.10714 0.00120  0.00001 0.00000
10 22 0.99997 0.99825 0.87357 0.08809 0.00101
100 202 1.00000 0.99998 0.99818 0.84727 0.05535

1000 2002 1.00000 1.00000 0.99998 0.99816 0.84419
10000 20002 1.00000 1.00000 1.00000 0.99984 0.98166

Support radius

In addition to being able to perform / and p refinement it is also possible to increase the support
width of the shape functions p. This parameter is not available in the CG; FE scheme where
we are naturally limited to the local approximation. We introduce a parameter 8 € IN* which

controls the support size as follows:
pa = &, X Bh (3.26)

In table 3.4 we show the effect of varying the support size for various discretisations on the error
at the tip of a moderately thin cantilever beam ¢ = 0.01. For N = 1 adjusting the support-size
has no effect; this is already the most-local approximation and the shape functions are identical
for any B. For N > 1 when the meshless nature of the shape functions is realised we see that
increasing 8 improves convergence for all of the discretisations considered. However this also
increases the bandwidth of the assembled stiffness matrix, which in turn increases assembly
time, storage requirements and linear system solution time. The effect of support size on the
sparsity of the linear system is shown in table 3.5. Clearly a proper solution the shear-locking

problem would retain the relatively local character of the meshless shape functions whilst pro-
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viding optimal convergence for all values of €. In conclusion it is our view that increasing the
support size of the shape functions is not a satisfactory or particularly robust remedy of the

shear-locking problem.

Table 3.4: The effect of support size on the error z3,(L)/z3(L) at the tip of the cantilever beam
with ¢ = 0.01. MaxEnt meshless.

N f=1 p=2 p=3 p=4 p=5
1 0.00120 0.00120 0.00120 0.00120 0.00120

10 0.12602 0.87357 0.99049 0.99824 0.99912

100 0.93676 0.99818 0.99991 0.99999 0.99999
1000 0.99933 0.99998 1.00000 1.00000 1.00000

Table 3.5: The effect of support size on the sparsity of the linear system nnz(A)/(dim U)? for the
cantilever beam problem. MaxEnt meshless.

N =1 p=2 p=3 =4 p=5

1 1.000 1.000 1.000 1.000 1.000

10 o0.537 o0.752 0.901 0.983 1.000
100 0.068 0.106 0.143 0.179 0.215
1000 o0.007 0.011 0.015 0.019 0.023

p-refinement

We perform an equivalent of a p-refinement experiment using RPIM basis functions. MaxEnt
basis functions do not allow p-refinement without loss of the Kronecker-delta property. The
domain is discretised using N + 1 equally spaced nodes and f = 4. The results are shown
in table 3.6. We can see that p-refinement does improve convergence, but still deteriorates as

& — 0. The meshless method therefore shows similar trends to the FE method.

3.4 Conclusions

By considering the one-dimensional counterpart of the Reissner-Mindlin plate problem, the

Timoshenko beam problem, we have demonstrated the shear-locking phenomenon numeri-
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Table 3.6: The effect of p-refinement on the error z3,(L)/z;(L) at the tip of the cantilever beam.
p €=1 e=01 &=001 £=0.001 £=0.0001 e=1e—-05 &=1e—-06

1 0.99992 0.99157 0.81082 0.46261 0.03430 0.00037 0.00000
2 1.00000 0.99949 0.98844 0.95931 0.77657 0.75030 0.75107
3  1.00000 1.00000 1.00000  1.00000 1.00000 1.00001 1.00161
4 1.00000 1.00000 1.00000  1.00000 1.00000 1.00000 0.99688

cally and explained its origins through simple function space arguments. The shear-locking
problem is the inability of the basis functions to richly represent the Kirchhoft or thin beam
limit. Analogously, in the shear-deformable Reissner-Mindlin plate problem the shear-locking
problem is the inability of the basis functions to richly represent the Kirchhoft or thin plate limit.
We have performed simple numerical experiments to compare the behaviour of the standard
Lagrangian finite element method and meshless methods with respect to the small parameter
¢ under both 4 and p refinement. In addition for the meshless method we have examined the
role of the parameter 3 which controls the basis function support size.

Under h-refinement, the meshless basis functions show broadly similar behaviour to the CG,
finite element method with roughly a 1/e scaling of the nodal spacing required to ensure con-
vergence. Similarly, under p-refinement the meshless and finite-element basis functions are
better able to richly represent the limiting Kirchhoff mode and convergence can be improved.
Both results can be explained using a traditional error bound argument from the finite element
method literature. The parameter f3, which controls the shape function width only in the mesh-
less method can also be used to improve convergence with respect to the small parameter ¢, but
at significant computational cost.

In summary, none of the above methods ensure optimal rates of convergence for any ¢ as
they all essentially work by attempting to beat the rapidly growing constant C(e™", 2) which
bounds the error. Furthermore all require additional computational resources without neces-
sarily providing improved convergence. As a result, all offer sub-optimal convergence that is
dependent on the small parameter . All of the above methods will lock if € is small enough.
This situation is far from ideal, and motivates the construction of a meshless numerical method
that removes the dependence of the constant C on the small parameter ¢, providing uniform,
consistent and reliable convergence behaviour for any e. Such a method will be free from the
negative effects of shear-locking. It is this goal that is the topic of the remaining chapters of this

thesis.
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4 Meshless methods for the shear-deformable
beam problem based on a mixed weak form

In this chapter we demonstrate the ability of a mixed variational formulation to produce
meshless numerical methods for the Timoshenko beam problem that are free from shear-
locking. We begin by moving from the primal or displacement form of the Timoshenko
beam problem to a mixed formulation where the shear stresses are treated as an indepen-

dent variational quantity in the weak form.

We present a solution to the discretisation problem using a hybrid meshless-element method
where the shear stresses are approximated directly on an underlying mesh. As no transform
is used between reference and global elements of the mesh the robustness of the meshless

approximation field is retained and the implementation is greatly simplified.

In the particular case of maximum entropy shape functions we prove that the scheme D1
converges to the well-known CG; — DG, Timoshenko beam finite element in the Delaunay
limit. One of the proposed schemes, D2, suffers from spurious or zero-energy modes due

to it not satisfying the kernel coercivity condition.

We demonstrate the good performance of the proposed method using three test problems
with known analytical solutions in polynomial form. Using the problem of a beam in
pure bending we present new insight into the ‘Kirchhoff mode reproducing conditions'
(KMRC) of Wang and Chen. Whilst it is necessary to use a second-order monomial basis
to ensure bending exactness to machine precision, it is not necessary to ensure convergence

in general problems.

We show that using a first-order maximum entropy basis with our method we can obtain
convergence rates of p = —h ~ —2.5 in the L? norm for the transverse displacement vari-
able, and using a second-order RPIM basis we can obtain convergence rates of p ~ —3.3, in
comparison with the work of Wang and Chen who achieve a convergence rate of p ~ —2.8

using a second-order monomial basis.

For two standard test problems our method shows convergence in all relevant norms for all

problem variables. Because of the lack of results available in the literature for other norms
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we are unable to make a comparison with other meshless methods.

4.1 Introduction

In the previous chapter we demonstrated that standard meshless methods suffer from shear-
locking when solving the Timoshenko beam problem in a very similar manner as the standard
finite element method. Whilst it was possible to alleviate locking to some extent via either h
or p refinement, and additionally in meshless methods by increasing the support size p, none
of these approaches alleviates locking entirely or does so with optimal use of computational
resources. Therefore the aim is to remove the dependency on the small thickness parameter
¢ on the convergence of the numerical method in a robust and computationally inexpensive

manner.

Following the experience from the FEM community, the most robust and effective method
for removing this dependency on the small parameter ¢ is designing a meshless discretisation
scheme based on a mixed weak form, where shear stresses are treated as an independent varia-
tional quantity. We will derive the mixed weak form of the Timoshenko beam problem directly
from the displacement form already shown. We will then discuss the importance of consider-
ing the issue of stability; in numerical methods based on displacement weak forms stability is
usually inherited directly from the stability of the continuous weak form, however for numer-
ical methods based on mixed weak forms stability is no longer guaranteed. Two conditions,
commonly known as the Ladyzhenskaya-Babuska-Brezzi condition, LBB condition, or inf-sup
condition [52], in addition to the kernel coercivity or coercivity condition [52], must be met if

the numerical method based on the mixed weak form is to be stable.

We then introduce three novel discretisation designs for the mixed weak form. The dis-
placement variables are approximated by a meshless method on a set of nodes and the shear
stresses on an underlying finite element mesh. Because no derivatives of the basis functions
are required no map is needed between reference and global elements in the mesh and there
is therefore no need to use a second meshless basis. We find that one of the discretisation de-
signs, namely scheme D2, suffers from spurious or zero-energy modes due to it not satisfying
the kernel coercivity condition. Fortunately schemes D1 and D3 prove to be stable. We also
show that scheme D1 coincides with the well known CG; — DG, finite element method in the

local limit, for which an analytical proof of stability is readily available.
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4.2 Formulation

In this section we derive the mixed form of the scaled Timoshenko problem directly from the
displacement form. We then identify the mixed problem as one in the general form of a saddle
point problem with a penalty parameter. We discuss the CG, — DG finite element method
and introduce three discretisation schemes and develop the discrete matrix equations. The
designs are implemented into the pymfl library. We then perform some basic tests to examine

the performance of the three proposed schemes.

4.2.1 Derivation of mixed weak form

We begin with the scaled Timoshenko beam problem originally derived in chapter 3:

Problem 10 (Scaled Timoshenko beam problem). Find (z5, 6¢) € VT such that:
’ 1 / ~
12 f 0y d0+ f (& — ), — 1) dO = f By dQ Yosme VI (41)
Q Q Q

We then introduce the shear stress trial function ¢ € S as a new variable, where S is an

appropriate function space:
y=e2(d -6)eS (4.2)

Upon substituting eq. (4.2) into eq. (4.1) we obtain the following equation:

sz 6 d9+fys(y3'—q) dQ:fpy3 40 (4.3)
Q Q 0

As we now have an extra unknown y¢ we clearly require an additional equation to solve. With
this goal in mind we define the associated test function y € S and derive the weak form of
eq. (4.2) in the standard Galerkin manner by multiplying through with y and integrating across
the domain O:

[ rvdo= [ =@ -0 (4.4)
0 0

Rearranging gives the following mixed weak form of the Timoshenko beam problem where the

shear stress y¢ is now treated as an independent variational quantity:
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Problem 11 (Mixed scaled Timoshenko beam problem). Find (2, ¢, y¢) € VI X S such that:

sz 98'17’ dQ + f Yy’ — 1) dQ = f Dy; dQ Y(ys, 1) € yr (4.5a)
Q 0 Q

f (& — 6)y dO — & f oy dQ = 0 VyeS (4.5b)
0 0

Examining Problem 11 we notice that no derivatives of either the trial or test shear stresses

appear in the weak form, allowing us to identify the space S as:
S=1*0) (4.6)

Therefore the shear stresses have significantly less regularity than the primary problem variables
(25, 6°) which lie in the space Hy()?, which in practical terms means that a basis function with
low continuity (C™!) can be used for discretisation. Now in a general sense, that is without
making any specific design choices at this stage, we introduce the discrete function spaces V; C

VTand S,  Sallowing us to write the mixed problem in the following equivalent discrete form:

Problem 12 (Discrete mixed scaled Timoshenko beam problem). Find (25
such that:

w075 € VIXS,

5 f O dO + f Vilys' =) d2 = f py; 0 V(s m) €V (4.72)
Q 0 Q

f (& — )y d - & f Yoy dQ =0 VyeS,  (47b)
0 (0]

All of the discretisations in this chapter are based upon the discrete mixed scaled Timoshenko

beam problem in eq. (4.7).

4.2.2 Stability

The problem derived in the previous section can be identified as a saddle-point problem with
a penalty term controlled by the small parameter ¢ and fits into the framework introduced by
Braess [135], which is an extension of the classic work of Brezzi [52]. This mixed formulation
has the clear advantage over the original displacement formulation in that the thickness-type

parameter ¢ now enters as a small parameter with positive exponent. When ¢ = 0 the shear
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stress variables y and y take the role of Lagrange multipliers which act to enforce the Kirchhoff

constraint z§ -0=0/[135].

It is well known that whilst any reasonable discretisation V; C V7 of the displacement formu-
lation are automatically stable, the required conditions for good performance of discretisations
of saddle point problem are significantly more difficult to achieve. We give an overview of the
results of Braess [135] and Brezzi [52] here, results which are crucial in giving us an insight into

how to design a stable discretisations of the mixed Timoshenko beam problem.

Definition 1 (General form of a penalised saddle point problem (Braess [135])). Let X and
M be Hilbert spaces with norms Il and ||'[|.,, and let M, be a dense linear subset of M. The
penalised saddle point problem can be described by three bilinear forms

a: XxXX-R, a(u; v) = a(v; u) (4.8a)
b : XXM-R, (4.8b)
c: M. XM, - R, c(p;q) = c(g; p) (4.8¢)

Then given f € X’ and g € M. the generalised form of a penalised saddle point problem can be
stated as: Find (u, p) € X X M, such that:

a(u; v) + b(p;v) =< f,v> Yve X (4.92)
b(u; q) — t2c(p; q) =< g,q9 > Vg e M, (4.9b)

where X' and M are the associated duals of the spaces X and M, respectively and the notation
<,> denotes a dual pairing between both arguments. The notation (;) has been used to denote
the split between trial and test functions in the bilinear forms. Furthermore we assume that the

bilinear forms a and b are bounded. The form c gives rise to a semi-norm:
ql, == c(q 9" ,q€ M. (4.10)

The saddle point problem is then simply the specific case of the above problem when ¢ = 0:

Definition 2 (General form of a saddle point problem). (Brezzi[52])] Givenf € X andg € M;
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the generalised form of a saddle point problem can be stated as: Find (u, p) € X X M, such that:

a(u; v) + b(p;v) = {f,v) Yve X (4.11a)
b(u;q) =g q) Vg e M, (4.11b)

We can then recognise the mixed Timoshenko problem eq. 11 as a penalised saddle point

problem in the form of egs. (4.8) and (4.11) with the following choices:

X:="VI':= Hy(Q)?, a(zs, 6;vs, m) := L*(6; 1) 2(q) (4.122)
M= S:=L*(Q), b(ys, m9) = (Vys = 1: ¥)iq) (4.12b)
M, = LX(Q), c(y,v) = (¥ ¥ (4.12¢)

where the notation (; );2(q) has been used as shorthand to denote the L? inner product on the

domain Q between the trial and test arguments:
(v q)LZ(Q) = f v-qdQ (4.13)
Q
We can write the above penalised saddle point problem in the following combined form [52]:

Ay, p;v,q) = a(u; v) + b(p; v) + b(u; q) — £2c(p; q) (4.14)

which gives rise to the following natural norm:

Then it is possible to show that the penalised saddle point problem will be stable if and only if
there exists a constant y for all (4, p) € XX M, and 0 <t < 1:

W, || = IVl + llqll,, - tlal (4.15)

|A(u, p; v, 9)|
sup ———i— = ¥ |||(w, p) (4.16)

Then we can recall the following theorem due to Brezzi's splitting theorem [52]. As the name
suggests, Brezzi's splitting theorem splits the very general stability condition stated in eq. (4.16)

into two constituent parts suitable for the analysis of problems in the saddle point form of

eq. (4.11).
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Theorem 1. The classical saddle point problem (t = 0) is stable, if and only if, the following

conditions hold:
1. (Z-Ellipticity of a) There exists a constant « > 0 such that:
a(v,v) > (x||v||§( YveZ (4.17)
where Z is the kernel of the bilinear form b:

Z:= {VEX| b(v,q) =0 VqEﬂVI} (4.18)
2. (inf-sup condition on b) The bilinear form b satisfies an inf-sup condition:

) b(v, q)
inf sup——~ =8> 1
R Tl = (4.19)

Then if the classical saddle point problem is stable then the penalised form is stable if either

the following two cases applies [135]:

Theorem 2. (Boundedness of ¢) If the classical saddle point problem (t = 0) is stable, and if there

exists a positive constant C such that:

p,q) < Clipll, llall,, VYp, g€ M (4.20)
then the penalised saddle point problem is stable.
or alternatively:

Theorem 3. (X-Ellipticity of a) If the classical saddle point problem (t = 0) is stable, and if there

exists a positive constant a such that:
alv,v) > « ||V||§( Vve X (4.21)

then the penalised saddle point problem is stable.

With these three theorems in mind we make the following remarks about the mixed for-
mulation of the Timoshenko beam problem; Firstly, the bilinear form a := g, in the mixed

formulation eq. 11 is not coercive on the entire space X := VI := H}(Q,)?, but only on the
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subset of functions which satisfy the Kirchhoff constraint z; —6 = 0. This is due to the loss of the
quadric terms in transverse displacement which were present in the bilinear form a := a, + a;
for the displacement formulation in eq. (4.1). Indeed, this loss of coercivity in a is typical of
most mixed formulations, except notably for the Stokes problem.

Secondly, for a discretisation of Problem 11 to be successful, that is, the construction of the
subspaces X, € X and M, C M to be suitable, we must satisfy the discrete equivalents of
theorems 1 to 3. The satisfaction of these conditions is not a trivial matter. We will refer to
condition 1 of theorem 1 as the kernel coercivity condition, and condition 2 of theorem 1 as
the inf-sup condition.

Very broadly speaking, we must choose a larger (or ‘richer') space X, (whilst keeping the
same M,,) to ensure the inf-sup condition is satisfied [53]. However, if X}, is too rich then
the kernel coercivity condition becomes harder to satisfy [53]. It is these two competing re-

quirements that make the design of mixed discretisations for the Timoshenko beam problem
so difficult.

4.2.3 FE discretisation

The most successful and widely used discretisation of the mixed Timoshenko problem is the
CG, — DG, finite element method. In this finite element design the transverse displacement
z5 and rotation ¢¢ are approximated using CG, continuous Lagrangian finite elements and the
transverse shear stress )¢ is approximated using DG, discontinuous Lagrangian finite elements
[40].

This commonly used element design is part of a broader (and less widely known and used)
family of elements CG, — DG,y parameterised by the index p € IN for p > 1 where CG,
continuous elements are used to discretise the transverse displacement z§ and rotation 6 whilst
DG,y discontinuous Lagrangian elements are used to discretise the shear stress y* [40]. We
show the two lowest-order members of this family in fig. 4.1.

The space of discontinuous Lagrange elements DG, form a subspace of L? meaning that the
approximated quantity can be discontinuous between elements. The basis functions are iden-
tical to those used in the standard Lagrangian finite element space CG, C H', but adjacent
elements do not share degrees of freedom. For example, in one-dimension a DG, space con-
structed on a two element mesh will have four degrees of freedom, whilst a CG, space con-
structed from the same mesh will only have three degrees of freedom due to the two elements

sharing an internal degree of freedom.
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Vi Sy
® o
p=1 @
o o
CG, DG,
® o o
p=2 [ ) [ ]
o o o
CG, DG,

Figure 4.1: First two members of the family CG, — DG,_, for the mixed Timoshenko beam
problem. Black circles represent degrees of freedom. For the DG, discontinuous
Lagrangian elements degrees of freedom are internal to each element.

A formal proof that the CG, — DG,_,y family of elements satisfies the discrete counterparts
of the kernel coercivity condition and inf-sup condition is given by Chapelle and Bathe in [40].
Given the success of this discretisation family it seems to make sense to use it as the starting
point for the design of novel meshless discretisations of the mixed Timoshenko beam problem

as well.

With regards to the broad conditions regarding stability outlined above, we can see that the

space for the transverse displacement and rotation:
(25, 0;) € V[ = [CG,J* c Hy(Qy’ (4.22)
is indeed richer than the space chosen for the transverse shear stress:
Y € Sy = DG,-yy C L*(Q) (4.23)

It is also worth noting that the construction CG, — DG, has taken advantage of the fact that
the shear space S, can be a subset of the low-regularity space L? (allowing lower C! continuity
between elements) rather than the higher regularity required for V," (requiring C° continuity

between elements).

We can also examine the constraint ratio of the family CG,—DG,-,. For amesh T, consisting
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of n cells of length h we can easily obtain that the dimension of the space [CG,]* is:
dim([CG,]*) = 2(pn - 1) (4.24)
and the dimension of the space DG, is:
dim([DG,]) = n(p + 1) (4.25)

and therefore we can state the constraint ratio of unknowns for the transverse displacement

and rotation degrees of freedom to the shear stress degrees of freedom can be written:

dim('V,)  dim([CG,]»)  2(pn-1)

- = — = 4.26
dlm(Sh) dlm([DG(p,l)) pn ( )
which in the limit as the mesh becomes infinitely refined becomes:
2(pn-1) _
7}1_{130 p—n =2 (4.27)

so the constraint ratio tends to the value 2 for the family of CG, — DG, finite elements, which
means that the necessary (but not sufficient) condition for stability that dim(VhT) > dim(S,,) is
at least satisfied. With this in mind it seems sensible to design a mixed meshless method along

similar lines.

4.2.4 Meshless discretisation

In this section we will outline the design and computational implementation of the novel mesh-
less discretisations. In this section we will introduce three discretisation designs; the first, which
will refer to as discretisation 1, or D1 we will explain in full whilst the other two, discretisation
2 and discretisation 3, or D2 or D3 respectively, are simple modifications of D1. The three

discretisations D1, D2 and D3 are shown in figs. 4.2(a) to 4.2(c).

Discretisation Design

Beginning with D1, we define a node set /N, and support size set p;, upon which our meshless
discretisations for the rotations and transverse displacements V! will be constructed. We dis-

cretise the problem domain Q using N equally spaced nodes resulting in characteristic nodal
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spacing of length h:
Ny ={x,x%, .., xNeQ| ||xp—xi|l=h VYie{l,2,. N-1}} (4.28)

and with each node x’ in JN;, we associate a support radius p; resulting in the following definition

of the support radius vector p:

p ={pu P2, P} (4.29)

On a regular distribution of nodes where ||x”rl - xi” =h Viell,2,..,N—1}wecandefine

a uniform support size for all nodes with the formula:
pi = a,fh Vi (4.30)

and we set &, = 1.05 and we take = 2. We now have everything we need to define a unique
meshless discretisation based on the MLS, MaxEnt or RPIM methods. For the MaxEnt method

we set:

VI'i= [ME(Q; Ny, pi)IP (4.31)

for the MLS first-order method we set:
VI = [MLS(Q; Ny, pi) (4.32)
and finally for the RPIM first-order and second-order using p = 1, 2 we set:

V,I' = [RPIM,(Q; Ny, pi)I? (4.33)

Turning to the specification of the discretisation for the shear space S;, we introduce a mesh
7T, by partitioning the problem domain ( into a finite set of cells T with disjoint interiors such

that:
Urer = Q (4.34)

The straightforward choice is to choose the end-points of the cells to be coincident with the
nodes specified in N, which also makes sense when considering the computational imple-

mentation of the method, resulting in a mesh 7, consisting of n cells with characteristic length
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h. We then choose the space S, to be constructed from discontinuous Lagrangian elements:
S = DGo(; Ty) (435)

D2 and D3 are then slight modifications of D1. With D2 (fig. 4.2(b)) additional meshless nodes
are inserted equidistant between each pair of existing meshless nodes, resulting in a character-
istic nodal spacing of /2. Note that the mesh T}, for D2 is left unchanged from the original in
D1. Finally, with D3 (fig. 4.2(c)) we keep the underlying node set 2N}, and mesh 7}, the same as
in D1, but instead choose the space S}, to be constructed from continuous Lagrangian elements

of lowest order:
Sp = CG1(; Ty) (4.36)

An interesting mathematical aspect of scheme D1 is that in the local limit (p — 2h) the
scheme [ME(Q; N, pn))? X DGo(Q; T},) is identical to the [CG,(Q; T},)]* X DG,(2; T},)) scheme
from the finite element literature. This is because the MaxEnt shape functions always tend
towards the linear interpolant CG,((2; 7;,) in the local limit [21]. Therefore we can say that,
at least in this local limit, the D1 scheme satisfies the discrete kernel coercivity and inf-sup

conditions by virtue of the proof for the corresponding CG,-DG, finite element scheme [40].

Discrete equations

Now we will develop the discrete stiffness matrix K and force vector f equations required to
implement the proposed D1, D2 and D3 methods. We begin by writing the approximated
transverse displacement z3,(x;), y3(x;) and rotation 6y(x;), #(x;) trial and test functions using
the meshless basis ¢;(x;) € V,:

N N

zzp(x1) = Z Pi(x1)z3  y3(x1) = Z @i(x1) (4.37)
N N

On(x1) = Z Pi(x)0;  y3(xy) = Z @i(x1) (4.38)

where N is the number of meshless nodes in 2N,,. z;; and 6,; are the associated nodal unknowns

for the transverse displacements and rotations, respectively.

Similarly we write the approximated shear stress y,(x;) trial and test functions using the finite
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4.2 Formulation

1 2 3 4 n—1 n

VhT % [ME(Q; Ny, 0)]?
Sy, % DGy(O; Tp)

1 2 3 4 n—1 n

(a) Discretisation 1 (D1): MaxEnt discretisation with characteristic nodal spacing of 4 to discretise the
displacements "V, and discontinuous Lagrangian elements of zero-order with element vertices coinciding
with the nodal positions of the MaxEnt discretisation to discretise the shear stress S,

1 2 3 4 5 6 7 8 n—-3n—-2n—-1n

i O-O-O-O-O-0-O-O0-0-0-0 I
Sy, % DGy (% Th)

-1

(b) Discretisation 2 (D2): The same as D1, but with an additional meshless node inserted equidistant
between each pair of existing meshless nodes, resulting in characteristic nodal spacing of h/2

1 2 3 4 n—1 n

vl % [ME(Q; Ny, 0)]?
Sy, % CG (% Th)

1 2 3 4 n—1 n

(c) Discretisation 3 (D3): The same as D1, except continuous Lagrangian elements of first-order are used
to discretise the shear stress S,

Figure 4.2: The three discretisation D1, D2 and D3 considered in this chapter. Green hollow
circles represent degrees of freedom for the meshless discretisation used for the dis-
placements (ie. two per circle), solid black circles represent degrees of freedom for
the finite element discretisation used for the shear stress, and (integration and finite
element) cell vertices are shown by black vertical lines.
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4 Meshless methods for the shear-deformable beam problem based on a mixed weak form

element basis functions N;(x;) € S,

yue) = D Ny wlx) = D, Nix)y; (4.39)
j=1 j=1

where M is the number of cells in T}, if S, := DG,(; T;,) and M is the number of vertices in
T, if S, := CG,(Q; T,).

For simplicity the explicit dependence on x; is dropped, and the above expressions are re-

written in vectorial form as follows:

Zp =9z, Y3=¢@ (4.402)
O =90, n=¢ (4.40b)
=Ny, y=N (4.400)

where ¢ is a vector of size 1 X N, N is a vector of size 1 X M containing the finite element basis
functions, z; and 0 are vectors of size N X 1 containing the displacement nodal unknowns, and
y is a vector of size M X 1 containing shear stress nodal unknowns. Substituting eq. (4.40) into
eq. (4.7) results in the following discrete equations written in terms of the basis functions and

nodal unknowns:
sz 0T dQ 0+ f BINdQy= f ¢’p dQ (4.412)
Q o Q

fNTBS dQ 0 —£2f N'NdQy=0 (4.41b)
Q Z3 [9]

where B, is the discretised shear matrix of size 2 X 2N:

-9 0
¢ ] (4.42)

BS: ’
0 ¢
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4.2 Formulation

The above equations is a linear system in the following block form:

0 0
o=\ f (4.432)
4 0

where the block entries are defined as follows from section 4.2.4:

K, = L2 f 0T dQ (4.43b)
0
C= f BIN dQ (4.43¢)
(0]
V=g f N'N dO (4.43d)
Q

where the matrices K, € RM, C € R*M and V € RM*M and the vector f € RN, The linear
system for the entire problem has 2N + M unknowns, or M more than a standard displacement

discretisation. Designs D1, D2 and D3 are implemented into the pymfl framework.

Basic testing of schemes D1, D2 and D3

Before continuing to in-depth testing we examine the basic performance of the proposed dis-
cretisation schemes D1, D2 and D3.

We begin with D2, that is the discretisation with the additional degrees of freedom, and solve
the cantilever beam problem with point load described previously in chapter 3. D2 has more
displacement degrees of freedom than D1, or a relatively ‘richer' space 'V, than D1 (which
is stable in the local limit) and therefore we might expect that D2 will fail to meet the kernel
coercivity condition. This indeed appears to be the case. In fig. 4.3 we show the transverse
displacements z;;, plotted along with the analytical solution. The solution is highly oscillatory
and this oscillation is the result of a spurious or zero-energy mode. This spurious oscillation
occurs regardless of the value of the small parameter ¢ (results not shown). We note that this
spurious oscillation in the transverse displacement z3, does not propagate to the rotation 6y, as
shown in fig. 4.4. Despite this, scheme D2 is essentially useless due to its highly unstable nature.

We already know that when using MaxEnt meshless shape functions the scheme D1 converges
to the stable [CG,(Q2; T;,)]* X DG,(2; T;,) FE scheme. In fig. 4.5 we show the cantilever beam

problem with point load solved using the D1 scheme in the local limit, resulting in the stable
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4 Meshless methods for the shear-deformable beam problem based on a mixed weak form

4 I T T 1
— Exact
3F @—@® MaxEnt D2

0.0 0.2 0.4 0.6 0.8 1.0
z1

Figure 4.3: Transverse displacement for the cantilever beam problem solved using scheme D2,
resulting in dim(VhT) = 42 and dim(S,) = 10. Spurious or zero-energy modes
occur, this scheme is unstable as it fails the kernel coercivity condition. Numerical
results are plotted at 20 uniformly distributed points in [0, 1].

1.6 T T T T

—  Exact
1.4 He—e MaxEnt D2 7

1.2 1

1.0 1

0.6 | |
0.4

0’0 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

T

Figure 4.4: Rotation for the cantilever beam problem solved using scheme D2, resulting in
dim("V,") = 42 and dim(S,,) = 10. Even though the transverse displacements have
spurious or zero-energy modes, the rotations are unaffected. Numerical results are
plotted at 20 uniformly distributed points in [0, 1].
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1.2 I I T T

— Exact
1.0 H ®—@ MaxEnt D1 (local limit)

Figure 4.5: Transverse displacements for the cantilever beam problem solved using scheme D1
in the local limit, resulting in dim('V,") = 22 and dim(S}) = 10. Numerical results
are plotted at 20 uniformly distributed points in [0, 1].

FE scheme. Clearly the solution is not affected by the spurious modes which made the D2
scheme useless, which is the result we expect given the analytical proof available. Increasing
the support size ( = 2, 3,4) makes no difference to the stability of this scheme and no spurious

modes develop. The transverse displacement for § = 3 is shown in fig. 4.6.

Finally we examine scheme D3, which is the same as D1 except that the shear space is selected
to be CG,(2; T,) instead of DG,((2; T,). In terms of constraint ratio dim(VhT)/ dim(S,) this
results in a constraint ratio of 2 (the same as D1) as the discretisation becomes infinitely refined.
Because of this we might expect D3 to be a successful design and this turns out to be the case

(results not shown).

In fig. 4.7 we compare the convergence of schemes D1 and D3 in the H! norm. The conver-
gence rate p is the slope of the line created by plotting the error e(u), of the problem variable
u in the norm "V against the number of degrees of freedom dim(“U;) on a log-log plot. The
convergence performance in the transverse displacement variable z; of schemes D1 and D3 is
almost identical. In the rotation variable 0 the performance of scheme D1 is slightly better with
a convergence rate p of -1.51 against -1.24 for scheme D3. On these results alone there is not
much to separate schemes D1 and D3. However, as we will see in chapter 6 because of the L?
continuity of the shear stress variable in scheme D1 it is easier to eliminate the shear stress a

priori to the solution of the linear system of equations in terms of the displacement unknowns
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1.2 I I T T

— Exact
1.0 | @&—e MaxEnt D1 (8 = 3)

z3

0.0 0.2 0.4 0.6 0.8 1.0
1

Figure 4.6: Transverse displacements for the cantilever beam problem solved using scheme D1

with 8 = 3, resulting in dim("V,”) = 22 and dim(S;,) = 10. Numerical results are
plotted at 20 uniformly distributed points in [0, 1].

only. For this reason all further results in this chapter are computed with scheme D1.

4.3 Results

In this section we examine three simple test cases and show that scheme D1 is free from the
effects of shear-locking. All of the results in this section are performed with scheme D1 and
B = 2. Additionally, we implement scheme D1 with MaxEnt, MLS and RPIM first-order and

second-order basis functions to examine the generality of the approach.

4.3.1 Cantilever beam subject to point load
We consider a cantilever beam of length L = 1 and varying thickness parameter ¢ subject

to a point load p = 3 at the tip as shown in fig. 4.8. This problem is the same as that used to

demonstrate numerical locking in chapter 3. Using the same normalisation procedure as before

124



4.3 Results

100 F —————] ————
i o—e Dleyi(zs), p=—1.50]

%—x Dl eyi(8), p=—-1.51
®—@ D3eyi(z3), p=—153]]
1071 F s D3 ey (0), p=—1.24 [

L
1072 F 7
1073 * — * —_—
101 102 103

dim(U)

Figure 4.7: Comparison of convergence in H! norm between schemes D1 and D3.

X1

X3

Figure 4.8: Scaled cantilever beam loaded with transverse point load at tip.

the Timoshenko theory solution to this problem is:

z(x) = ‘%L (2 - 3(1’; ), (L _Lfly + 6e2 [1 _ & _Lxl)]) (4-44)
0(x;) = 1; (1 - (L_L—le)) (4.45)

In fig. 4.9 we show the computed tip deflection for both the MaxEnt displacement and the
proposed MaxEnt mixed method alongside the analytical tip deflections predicted by Kirchhoff
and Timoshenko theory for a wide range of e. As before, the MaxEnt displacement method
locks at around ¢ < 1072 whilst the proposed MaxEnt mixed method matches the Timoshenko

solution for a full range of e&. We can see that moving to a mixed formulation has alleviated
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4 Meshless methods for the shear-deformable beam problem based on a mixed weak form

the numerical shear locking problem. Results for MLS and RPIM basis functions (not shown)
demonstrate that the proposed mixed method eliminates shear-locking in a generic way for a
variety of meshless basis constructions.

We now examine the convergence behaviour of the mixed method using MaxEnt, first-order
MLS, first-order RPIM and second-order RPIM basis functions for both thick e = 1.0 (figs. 4.10,
4.14 and 4.16 and section 4.3.1) and thin € = 0.001 (figs. 4.11, 4.13, 4.15 and 4.17) beams. The
algebraic convergence rates p for each method are summarised in tables 4.1 and 4.2. We remark
that the expected algebraic convergence rates p for first-order shape functions (MaxEnt, MLS,
RPIM first-order) are 2 in the L? norm and 1 in the H' norm for both problem variables z;
and 0. MaxEnt achieves an additional -o.5 increase in the rate of convergence over MLS and
first-order RPIM, both of which achieve the expected values. Second-order RPIM gains an
additional -1.0 increase in the rate of convergence over first-order RPIM which is the expected
behaviour when moving from a first to second order approximation scheme. Because of the
quadratic polynomial nature of the Timoshenko analytical solution for the rotation variable
the second-order RPIM scheme which is capable of reproducing second-order polynomials
exactly provides rapid convergence to machine precision for the rotation variable in both the

L? and H! norms. This behaviour should not be expected for more complicated problems.

Table 4.1: Algebraic convergence rate p for mixed methods using different meshless basis func-
tions for the thick ¢ = 1.0 cantilever beam problem subject to a point load.

e MaxEnt MLS RPIM first-order RPIM second-order

er2(z3)  -2.55  -2.16 -2.25 -3.34
e (z3)  -1.53  -1.08 -1.03 -2.15
e2(0)  -2.56  -2.03 -2.09 -3.30
et (0)  -1.54  -0.97 -1.01 -3.39

In figs. 4.18 and 4.19 we show the convergence of z3, and 6, in the H! norm for the MaxEnt
mixed method for three values of ¢. In fig. 4.18 we can see that there is a slight deterioration of
approximately one half an order of magnitude in absolute convergence of z;;, in the H' norm
when moving from a thick through to a thin beam, however the rate of convergence stays the
same. In fig. 4.19 we can see that the absolute convergence of 8, is entirely insensitive to the
thickness parameter €. Results for MLS and RPIM basis functions (not shown) demonstrate
similar trends. In summary for this problem the proposed methods are free of shear-locking

in the limit as € — 0.
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Figure 4.9: Graph showing the tip deflection for the cantilever beam problem with point load
computed for MaxEnt displacement method and MaxEnt mixed method with N =
10 for varying values of e. The analytical Timoshenko solution coincides exactly with
the analytical Kirchhoft solution in the thin plate limit. The MaxEnt displacement
method locks at around € < 1072 whilst the proposed MaxEnt mixed method is free
from the effects of shear locking and matches the Timoshenko solution for all ¢.

10_7. ' — '
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Figure 4.10: Convergence of MaxEnt mixed method for a thick cantilever beam problem ¢ =
1.0.
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100 —
101 §
102} i
10-3F §
\S) ~ -
4 Sl e ]
107 LI ]
e e ep2(z3), p= —2.52 ~ :)0&
10~ Fle—e@ epi(z3), p=—1.51 ~J e E
L0-6 [l =x e2(0), p = —2.56 ke ]
[| —< en1(0), p=—1.54 '
107 — ' ——
10! 102 103
dim(U)

Figure 4.11: Convergence of MaxEnt mixed method for the thin cantilever beam problem ¢ =
0.001.
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Figure 4.12: Convergence of MLS (first-order) mixed method for the thick cantilever beam
problem ¢ = 1.0.
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Figure 4.13: Convergence of MLS (first-order) mixed method for the thin cantilever beam

problem ¢ = 0.001.
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Figure 4.14: Convergence of RPIM (first-order) mixed method for the thick cantilever beam

problem ¢ = 1.0.
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Figure 4.15: Convergence of RPIM (first-order) mixed method for the thin cantilever beam
problem & = 0.001.
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Figure 4.16: Convergence of RPIM (second-order) mixed method for the thick cantilever beam
problem ¢ = 1.0. Note: Flattening of results at around e = 107!? due to reaching
limits of arithmetic precision (Intel Core iy using double-precision arithmetic).
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Figure 4.17: Convergence of RPIM (second order) mixed method for the thin cantilever beam
problem ¢ = 0.001. Note: Flattening of results at around e = 107! due to reaching
limits of arithmetic precision (Intel Core iy using double-precision arithmetic).
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Figure 4.18: Graph showing convergence of z; in the H' norm of the MaxEnt mixed method
for the cantilever beam problem for varying values of . Absolute convergence
deteriorates marginally for thinner beams. Rate of convergence stays fixed. Note:
Convergence lines for ¢ = 107 and ¢ = 107! coincide.
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Table 4.2: Algebraic convergence rate p for mixed methods using different meshless basis func-
tions for the thin ¢ = 0.001 cantilever beam problem subject to a point load.

e MaxEnt MLS RPIM first-order RPIM second-order

e;2(z;)  -2.52 -2.18 -2.25 -3.34
egi(z;)  -1.51  -1.08 -1.03 -2.15
e2(0) -2.56  -2.03 -2.09 -3.30
et (0)  -1.54  -0.97 -1.01 -3.39
100 ———— ————————
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Figure 4.19: Graph showing convergence of  in the H' norm of the MaxEnt mixed method for
the cantilever beam problem for varying values of . Convergence is insensitive to
varying . Note: All convergence lines coincide.

4.3.2 Cantilever beam in pure bending

A beam is in a state of pure bending when the shear term bilinear form g, is inactive. This set

of solutions was defined as V! previously, and as a reminder it is defined by:
Vi ={osmeViivi-n=0] (4.46)

Then, for our numerical solution of the Timoshenko problem (z3,, 8),) € VhT to be free of shear-
locking, the space of discrete pure bending displacements Vy;, = V,/ UV, must be sufficiently

‘rich’ to ensure convergence:

%h = VhT N VOT (4.47)
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This idea expressed in function space theory by Chapelle and Bathe [40] is very similar to the
concept introduced by Wang and Chen [68] called the Kirchhoft mode reproducing conditions
(KMRC). They identified the cause of the shear-locking problem in both the Reissner-Mindlin
plate problem and the Timoshenko beam problem to be related to two main issues [68]; the first
is the inability of the approximation functions to reproduce the Kirchhoff mode, and the sec-
ond is the inability of the numerical method to achieve pure bending exactness in the Galerkin
approximation. They conclude that to meet KMRC the numerical method must meet two crite-
ria; the basis employed to approximate the transverse displacement and rotation variables must
be able to reproduce quadratic functions, and the integration must be accurate so that bending
exactness is achieved. This integration criteria is not typically considered in the FE literature
as integration rules can be designed to integrate the discretised variational form exactly, but in
meshless methods it becomes an additional concern.

However, we have just demonstrated in the previous section that it is indeed possible to con-
struct a method using three different types of first-order meshless basis and still achieve con-
vergence in all of the relevant norms for all values of ¢ (ie. in a bending dominated situation).
Furthermore the classic CG; — DG, Timoshenko beam element also only employs a basis ca-
pable of reproducing linear functions only and is used widely in its reduced integration form.
So a natural question to ask is why is this possible and does it invalidate the KMRC hypothesis
proposed in the paper by Wang and Chen [68]?

To examine this potential contradiction we use the same problem proposed by Wang and
Chen in [68] to demonstrate the KMRC. We consider a cantilever beam of length L with thick-
ness parameter ¢ loaded with a scaled moment 77 at the tip as shown in fig. 4.20:

L

m= (4.48)

The analytical solution for this problem given by both the Bernoulli and Timoshenko theory is:

mx>

z(0) = =+ (4.49)
o) = 2 (450)

The reasoning behind the stipulation of a basis capable of reproducing a second-order poly-
nomial should be clear upon examining the analytical solution for this problem. If the basis is
capable of reproducing a second-order polynomial then the displacement solution will be re-

produced exactly (to within machine precision) as long as the numerical integration of the weak
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Figure 4.20: Scaled cantilever beam loaded with moment at tip.

form is sufficiently accurate (bending exactness). If the basis is only capable of reproducing a
first-order polynomial, as is the case with MaxEnt and first-order MLS basis functions, then
the function will not be reproduced exactly. However, not being able to reproduce a function
exactly is not necessarily a barrier to achieving a method which converges.

We will now demonstrate that the proposed method is capable of achieving bending exact-
ness when used with a second-order RPIM basis, but that convergence can still be achieved
using first-order RPIM basis functions and a reduced rate of convergence can still be achieved
when using MaxEnt and first-order MLS basis functions. In fig. 4.21 we show the convergence
of the proposed method using second-order RPIM basis functions. The proposed method
clearly achieves bending exactness as the errors are on the order of machine-precision for all
the discretisations considered. In figs. 4.22 and 4.23 it is clear that the method does not achieve
bending exactness using first-order MaxEnt and MLS basis functions, but convergence is still
achieved in all norms, albeit at a reduced rate for the rotation variable 0. Interestingly, for the
first-order RPIM method we do not achieve bending exactness, but the convergence rates for
the rotation variable 0, is above the optimal rates and higher than that achieved by the first-
order RPIM for other problems. The reason for this result is currently unclear and is under

further investigation.

Table 4.3: Algebraic convergence rate p for mixed methods using different meshless basis func-
tions for the cantilever beam in pure bending.

e MaxEnt MLS RPIM first-order RPIM second-order

e;2(z;)  -2.46  -2.05 -2.14 exact
eni(z3) -1.52  -1.00 -1.01 exact
e2(0)  -152 -1.51 -2.67 exact
et (0)  -0.46  -0.46 -2.56 exact
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Figure 4.21: Convergence of RPIM (second-order) mixed method for a cantilever beam in

pure bending. Note: RPIM achieves machine-precision for this problem for all
discretisations.
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Figure 4.22: Convergence of MaxEnt mixed method for a cantilever beam in pure bending.
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Figure 4.23: Convergence of MLS (first-order) mixed method for a cantilever beam in pure

bending.
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Figure 4.24: Convergence of RPIM (first-order) mixed method for a cantilever beam in pure
bending.

136



4.3 Results

X1

N~
]

A
v
X3

Figure 4.25: Scaled clamped-clamped beam loaded with point load at centre. Full beam is
shown, only half beam is modelled in numerical simulations.

In summary, we have demonstrated that to meet bending exactness a basis capable of re-
producing a second-order polynomial is required, along with accurate integration of the weak
form of the problem. This finding confirms the KMRC hypothesis of Wang and Chen [68].
However, in practice we have not found it necessary to meet KMRC to ensure the convergence
of a numerical method in bending dominated situations. Our findings are supported by the
many shell and plate finite elements available in the literature and used in practice which use

first-order polynomial basis functions.

4.3.3 Clamped-clamped beam subject to point load

We consider a clamped-clamped beam of length L = 2 and thickness parameter ¢ = 10~* with
a point load p = 3 at the centre as shown in fig. 4.25. Due to the inherent symmetry only half
of the beam is modelled. This problem is the same as the one used by Wang and Chen in [68]
to demonstrate the performance of their SCNI method. Using the same normalisation of the

loading as before the Kirchhoff theory solution to this problem is [68]:

2 A
z3(x;) = pL? l?}ﬂ - 1;23] (4.51)
2
) = f)ng—}J - (4:52)

In this example we compare the convergence of the Timoshenko problem with a very low thick-
ness parameter (¢ = 0.0001) to the Kirchhoff solution. The convergence for MaxEnt, MLS,
first-order RPIM and second-order RPIM are shown in figs. 4.26 to 4.29 and the convergence
rates for each method is summarised in table 4.4. MaxEnt again achieves an additional -o0.5 in-

crease in the rate of convergence over the expected values for a first-order shape function. MLS
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Figure 4.26: Convergence of MaxEnt mixed method for a clamped-clamped beam with centre
loading with & = 0.0001.

has sub-optimal convergence in both the transverse displacement and rotation variables. First-

order RPIM either matches or achieves an additional rate of convergence over the expected val-

ues. RPIM second-order matches the expected rate of convergence for a second-order shape

function in the transverse displacement variable, and rapidly achieves machine precision for

the rotation variable due to the second-order polynomial nature of the analytical solution.

Table 4.4: Algebraic convergence rate p for mixed methods using different meshless basis func-
tions for the clamped-clamped beam.

e MaxEnt

MLS RPIM first-order

RPIM second-order

er2(zs)  -2.46
epi(z3)  -1.43
ep(0)  -2.57
e (0)  -1.55

-1.47
-1.28
-1.57
-0.58

-2.40
-1.05
-2.09
-1.01

-3-34
-2.15
-3.72
-3.47

4.4 Conclusions

In this chapter we have demonstrated that using the mixed weak form of the Timoshenko beam

problem is an effective and robust method of designing meshless methods that are convergent
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Figure 4.28: Convergence of first-order RPIM mixed method for a clamped-clamped beam with

centre loading with ¢ = 0.0001.
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Figure 4.29: Convergence of second-order RPIM mixed method for a clamped-clamped beam
with centre loading with ¢ = 0.0001.

and free from the negative effects of shear-locking.

The proposed design, scheme D1, is a hybrid meshless-finite element formulation where
meshless basis functions are used to discretise the displacement variables, and discontinuous
Lagrangian finite elements are used to discretise the shear stresses. We have also demonstrated
that it is important to consider both the kernel coercivity condition and inf-sup condition when
designing such a method. One of the proposed designs, scheme D2, which added additional
displacement degrees of freedom, fails the kernel coercivity condition, resulting in spurious or
zero-energy modes which lead to a highly oscillatory and unstable solution for the transverse
displacements.

We have shown that the Kirchhoff mode reproducing conditions (KMRC) [68] of Wang and
Chen are necessary if the transverse displacement is a second-order polynomial and must be
reproduced exactly to within machine precision. If the basis functions are only first-order as
is the case with MaxEnt and first-order MLS basis functions, then the function will not be
reproduced exactly. However, we have clearly demonstrated that this lack of exactness is not
necessarily a barrier to achieving a method which converges.

In summary we have shown that employing a mixed weak form is a viable way of eliminating
shear-locking in meshless methods, just like in the finite element method. Therefore it seems
that this methodology can equally be applied to solving the shear-locking problem in the related
Reissner-Mindlin plate problem. We will explore this possibility in the following two chapters.
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plate problem based on a mixed weak form

In this chapter we examine the ability of a mixed weak form to produce a numerical method
for the Reissner-Mindlin problem which is free of shear-locking. Similarly to the previ-
ous chapter, we begin by moving from the primal or displacement form of the Reissner-
Mindlin problem to a mixed problem where the shear stresses are treated as an indepen-

dent variational quantity in the weak form.

Using standard arguments we identify the correct function space setting for the shear
stresses as the Sobolev space of functions with square integrable rotation. To construct a
conforming subspace of the shear stresses we use the lowest-order rotated Raviart-Thomas-
Nédélec elements. This has parallels with the classic mixed interpolation of tensorial com-
ponents (MITC) family of plate finite elements which are considered some of the most
robust designs available. Meshless maximum-entropy basis functions are used to discre-
tise the displacements. Because of the inherent properties of the maximum-entropy basis
functions our method allows for the direct imposition of Dirichlet (essential) boundary

conditions, in contrast to methods based on moving least squares (MLS) basis functions.

We present standard benchmark problems that demonstrate the accurate and shear-locking

free nature of the proposed method.

Note: This chapter contains material from and is closely based upon the following interna-
tional journal paper: Hale, J. & Baiz, P. A locking-free meshfree method for the simulation
of shear-deformable plates based on a mixed variational formulation. Computer Methods

in Applied Mechanics and Engineering 241-244, 311-322 (2012)

5.1 Introduction

In this chapter an approach based on the mixed weak form of the Reissner-Mindlin plate prob-
lem is used within the context of a meshless method to solve the problem of shear-locking. To

our knowledge this is the first time this approach has been used in the context of a meshless
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5 Meshless methods for the shear-deformable plate problem based on a mixed weak form

method. We use first order consistent maximum-entropy basis functions [21, 99] combined
with lowest-order rotated Raviart-Thomas-Nédélec [136, 137] finite elements to construct a
hybrid meshless/finite element method that is free of shear-locking. Due to the inherent prop-
erties of the maximume-entropy basis functions our method possesses a so-called *weak' Kro-
necker delta property and positive mass matrix amongst other advantages. We show that the

approach alleviates shear-locking for a variety of test problems.

5.2 Formulation

5.2.1 Derivation of mixed weak form

In this section we derive the mixed weak form of the Reissner-Mindlin plate problem. The steps
required for this are broadly the same as for the derivation of the scaled mixed Timoshenko
problem in chapter 4, however the shear stress and rotation fields are now vectorial quantities.
As a consequence, the identification of the correct Sobolev space for the shear stresses is a more
delicate issue.

We begin with a reminder of the displacement or primal weak form of the Reissner-Mindlin

problem:

Problem 13 (Displacement weak form of the Reissner-Mindlin plate problem). Find the trans-
verse deflection and rotations (z;,0) € V3 X R such that:

P [ Lle@): etn) d2+ 21 [ (Vz—0)- (Vys—m d2= [ pysdQ Visme Vix R
Q, 0, Q
(5.12)
The operators € : [H'(Qy)]* — [L*(Q0)]*? and L : [L2(Q)]7? — [L2(Qy)]7 are defined as:

év) =5 (V) +(V0)T)  Llel = D[(1 - v)e + vir(2)]] (5.1b)

N —

where I is the usual identity tensor, D = E[12(1 —?) is the bending modulus, A = Ex/(2(1 +v)) is
the shear modulus, k = 5/6 is a shear correction factor, v is Poisson's ratio, E is Young's modulus,
t = t/L is the plate thickness scaled with respect to the characteristic in-plane dimension L and p;

is the transverse loading function.
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5.2 Formulation

We can write the above problem in a simplified short-hand form by defining:

ay(0; 1) = f Le(0) : e(n) dO (5.2a)
Q
ay(0,z3;1,y5) = f (Vzz = 0) - (Vy; — 1) dQ2 (5.2b)
Q
= dQ .
g(3) LO P3ys (5.2¢)

as the bilinear and linear forms relating to the bending energy, shear energy and loading of
the plate, respectively, then we can re-write the Reissner-Mindlin problem in the following

equivalent form:
Pay(0; 1) + Atay(0, 23,1, y3) = &(s) (5.3)

In a similar manner to the Timoshenko beam problem we scale the loading to ensure that we

have a bounded solution as the scaled plate thickness = t/L approaches zero:
ps=gP (5.4)

The scaled weak form of the Reissner-Mindlin plate problem can then be written as:

Problem 14 (Scaled Reissner-Mindlin plate problem). Find the transverse deflection and ro-
tations (z,0) € Vs X R such that :

[ 1e0): e do+ar [ (V2,-0)-(Vys-mdo= [ gy d0 Voum) € Vix R (55)
Q Q

Q

Again, in rough terms this scaling ensures a finite solution as the scaled plate thickness #

approaches zero whilst keeping the other problem variables fixed.

We then define the scaled shear stress trial function y as a new variable, where S is an appro-

priate function space:
y=At*(Vz;-0)€ S (5.6)

Note that the shear stress is now a vectorial quantity, ie.:
dz;
Y13 -9 0,
y= =29 on (5.7)
Y23 Fr 6,

143



5 Meshless methods for the shear-deformable plate problem based on a mixed weak form

which is a natural consequence of the move from the one-dimensional Timoshenko beam prob-
lem to the two-dimensional Reissner-Mindlin plate problem. Multiplying eq. (5.6) with test

functions y € S and integrating across the domain ; gives:
f y-wdQ:)&—2f (Vs - 6) - y dO) (5.8)
QO 'QO

By substituting eq. (5.6) into our original displacement weak form eq. (5.5) and re-arranging

we arrive at the following mixed variational formulation [138]:

Problem 15 (Mixed scaled Reissner-Mindlin plate problem). Find (z;,0,9) € V3 x Rx S
such that:

[ e :emdo+ [y (Vy-mdo= [ g do (5.92)
Q, Q, Q,
Z-Z
[ Wz-0ydo-% [ yoydo=0 Vounwe VixRxS (5.9b)
Q, Q

5.2.2 Function space identification

On first inspection of eq. (5.9) we can see that no derivatives of the shear stress trial y or test
functions y appear as part of the weak form. This would suggest that a possible identification
of the function space S might be:

S:=[L2(Q)] (5.10)

However, it is possible to come up with a more specific result. We begin by defining the rot
or rotation operator which acts on a two-component vector field q = {g;, ¢,}" as:
&qz &ql
rot(q) = 22 - 21 (5.11)
dx; Jx,
The rot operator is identical to the curl operator in IR?, the latter notation used more frequently
in electromagnetic applications, see eg. [139]. However, the curl operator extends its definition
to IR? so we will use rot here to denote the restriction for our application.

Now, given that our transverse displacements z; € Hy(,) (ie. a sufficiently smooth scalar
field) it must hold that:

dz,
. 2%z d’z
rot(grad z;) = rot ‘32 < >

= =0¢€eL*(Q .
- 8x13x2 3x28x1 ( O) (5 12)
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5.2 Formulation

Futhermore, for 6 € [Hy(,)]? it holds that rot 8 € L?(,), and we then have:
y = At2Vz; — 0 € H(rot; Q) (5.13)

where the space H(rot; () is the Sobolev space of square integrable functions with square

integrable rotation and is defined as [138]:
H(rot; Qo) := {q € [L2(Q)]? | rotq € L*(Qy)} (5.14)
Thus the shear space S for fixed  can be identified with the space H(rot; Q,):
S := H(rot; Q) (5.15)

By inspection it is possible to see that this space is somewhere "in-between' the spaces [L*(2)]?

and [H}(Q2)]? in terms of smoothness, and the following chain of inclusions holds:
[H'(Q0)]? € H(rot; Qo) C [L*(Q)]? (5.16)

This result has important ramifications in that we are no longer limited to discretising the shear-
stress field with compounded vector discontinuous Lagrangian elements. By compounded vec-
tor discontinuous Lagrangian elements, it is meant that each individual component of a vector
field q, = {qun, q2h}T is discretised by its own individual discontinuous Lagrangian space, that
is:

gin € DGy(€y; T,) C LX(Q), Gon € DGy(Qy; T,) C L(Q) (5.17)

where 7}, is a triangulation of the plate mid-surface Q, and p € IN is the polynomial order. The

two discretised components are then compounded to discretise the vector field g, as:
4 € DG,(Qy; Tp)) X DG,(Qy; Tp)) = [DGy(Qo; Tp)F € [LH(Q0)F (5.18)

However, because we have the result g € H(rot; ) we can use the family of rotated Raviart-
Thomas-Nédélec elements NED, to build conforming subspace of H(rot; ). These elements
naturally discretise a vector field with the higher level of smoothness without the need to com-

pound two individual spaces, that is we have:

qn € NED,(Qy; T},) C H(rot; o) (5.19)
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5 Meshless methods for the shear-deformable plate problem based on a mixed weak form

We will cover the construction of the spaces NED, in section 5.2.5.

5.2.3 Stability

With regards to stability, we can recognise the mixed Reissner-Mindlin problem eq. (5.9) as a
penalised saddle point problem in the form of egs. (4.8) and (4.11), just like the mixed Tim-
oshenko problem, but with the following choices for fixed 7 and for fully clamped boundary

conditions [135]:

X ="V, x R:= H\(Qo) X H\(Qy)?, a(zs, 0;vs, 1) := a,(6; 1) (5.20a)
M := S := H(rot; Qy), b(ys, 1;9) := (Vys = 1, ¥)12(q,) (5.20b)
jvlc = [LZ(QO)]2, C(YI 1//) = ())/ 1l/)Lz(QO) (5-20C)

The saddle point problem is then simply the specific case of the above problem when # = 0,
where the shear stress y takes the role of a Lagrange multiplier which acts to enforce the Kirch-
hoff constraint Vz; — 6 = 0. When 7 = 0 it is no longer the case that S = H(rot; ;) and instead

the following result holds:
S := H(div; Q) (5.21)

because of the duality pairing between the two spaces [135]:
(H(rot; )" = H™'(div; ) (5.22)

In comparison, for the Timoshenko beam problem we have the significantly simpler result for
both fixed € and ¢ = 0 that:
S 1= L3(€) (5.23)

This is because the L? space is dual to itself, that is:

(L*(Q0))" = L*(€) (5.24)

We refer the reader to the book by Chapelle and Bathe for a more in-depth discussion of these
results [40].

Similarly to the Timoshenko beam problem we can make the following observations about
the mixed formulation of the Reissner-Mindlin problem with theorems 1 to 3 in mind. Firstly,

the bilinear form a := g, in the mixed formulation eq. 11 is not coercive on the entire space
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5.2 Formulation

X = V3x R = H\(Q,)*, but only the subset of functions which satisfy the Kirchhoff constraint
Vz; — 0 = 0. This is due to the loss of the quadric terms in transverse displacement which were
present in the bilinear form a := g, + a, for the displacement formulation in eq. (5.5). Indeed,
this loss of coercivity in a is typical of most mixed formulations, except notably for the Stokes

problem.

Secondly, for a discretisation of eq. (5.9) to be successful, that is, the construction of the
subspaces X, € X and M, € M to be suitable, we must satisfy the discrete equivalents of
theorems 1 to 3. The satisfaction of these conditions is not a trivial matter. Just as before, we
will refer to condition 1 of theorem 1 as the kernel coercivity condition, and condition 2 of

theorem 1 as the inf-sup condition.

In a similar way to the Timoshenko beam problem a larger or ‘richer' discretised space Xj,
(whilst keeping the same /M) must be chosen to ensure the inf-sup condition is satisfied, whilst
if X, is too rich then the kernel ellipticity condition becomes harder to satisfy. These two com-
peting requirements make the design of good discretisations of mixed weak forms particularly

tricky.

5.2.4 FE discretisation

One of the most commonly used and widely studied approaches to the shear-locking problem
in the finite element literature is the mixed interpolation of tensorial components (MITC) tech-
nique. The particularly appealing aspect of the MITC technique is that instead of treating the
shear stress directly it is treated implicitly via a reduction operator which acts upon the stan-
dard displacement variables. Therefore the weak form in the MITC formulation is expressed
in terms of the displacements only. Nonetheless, the underlying reason that the MITC family

of elements work is that they are based upon the application of a mixed weak form.

In the MITC approach a reduction operator R, is defined which maps values in the discrete

space to an underlying shear space S;:
R, : H(rot; Qg) — S, (5.25)
So instead of using the standard discrete displacement formulation:

ay(0),; ﬂh) + At 2(Vzy, — 0, Vy; — Mo, = 80s) Yy, n) € Vi X Ry, (5.26)
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5 Meshless methods for the shear-deformable plate problem based on a mixed weak form

the following is used instead:

ay(0,;m,) + AF2(Ry(Vza, = 04); Ru(Vys = )2y = 80vs) Y(rs,m) € Var X Ry (5.27)

The reduction operator ‘R;, essentially unlocks the element by allowing the Kirchhoff constraint
to hold for a richer set of displacement functions than the zero set. The underlying shear space
Sy, is typically chosen to be a conforming subspace of H(rot; Q,) which can be constructed using
rotated Raviart-Thomas-Nédélec elements. These elements are sometimes referred to as “edge’
elements as the degrees of freedom lie on the edges of the element. Higher-order versions also
have internal moment degrees of freedom. Given the success of the MITC family of elements

it seems logical to use similar ideas for the discretisation of the shear stress field.

5.2.5 Meshless discretisation

We begin by discretising the shear stress p. To build a conforming subspace of H(rot; Q)
we use rotated Raviart-Thomas-Nédélec [136, 137] elements of lowest order on a triangular
background mesh. These elements are often referred to as edge elements as their degrees of
freedom are defined as integrals along the element edges. We refer to this family of elements as
NED, for g = 1,2, ..., where q refers to the order of polynomial included in the basis'. These
elements can be viewed as rotated versions of those introduced by Raviart and Thomas [136] to
build conforming subspaces of H(div; (2) as the rot and div operator can be related by a rotation
of a two component vector field g by 7/2.  We denote the discrete solution for the shear stress
as y,(x) € S, where S, := NED,(Q; 7;,) C H(rot; Q). T}, is a triangulation on Q, with edges
E,. For a reference triangle K with edges e; € E,(K) and degrees of freedom X; defined on the

*In Raviart and Thomas's original paper [136] on constructing conforming subspaces of H(div; Q) they num-
bered their elements starting with g = 0, so the lowest-order element is called RT,. In this paper we use the

convention of Nédélec [137] and start with g = 1 as the final polynomial space for the element includes terms
of order P, (k)
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U3
€1
1
€2 T2
K

T

~ v

u1 T 73 2

€3

Figure 5.1: Geometry of reference element K with vertices vy, v,, v, and edges ey, e,, e5 associ-
ated with tangential vectors 7y, 75, 73.

edges e; as shown in fig. 5.1 the interpolation across K can be written as:

3
y, (&1, %) = Z Niy;
i=1

(B3Nl
N N N Y2
X N\1-% X

Y3

=Ny V(&)%) € K

where (%, X,) is the coordinate system in the reference triangle K. We plot these vector basis
functions in fig. 5.3. An overview of the construction of these shape functions on the reference
element and the transformation to a general element K in the mesh is given in the following

section.

Rotated Raviart-Thomas-Nédélec element

This section gives a brief overview of the construction of the lowest-order rotated Raviart-
Thomas-Nédélec elements denoted NED,. Whilst these elements are well known in the math-
ematics literature they seem to be less well known in the engineering community so we give a

full overview here.
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We begin with the classical Ciarlet triple definition of a finite element (T, "V, £) where T is
an element geometry (interval, triangle, tetrahedron, quadrilateral etc.), Vis a function space
(typically a polynomial) defined on T, and £ = {I}, L,, ..., 1} is a set of degree of freedom which
are a set of linear functions on "V [140]. The degrees of freedom /; must be linearly independent.

First of all we will define some polynomial spaces that will be used to define the space "V for
our element NED,;. We denote P,(Z) as the set of polynomials of degree k on =, where X is entity
of the reference element T such as the edges, faces, or the element itself. So as an example, the

set P,(K) of polynomials on the reference triangle K is:
PZ(K) = {1/ 5\61/ 5\62/ 5\6%/ 5\615\62/ &%} (529)

Similarly, we denote P,(Z) as the set of homogeneous polynomials of degree k on X. So for
example, the set P,(K) of homogeneous polynomials of second-order on the reference triangle
is:

pz(k) = [55%/ x1%,, 56%] (5.30)

We now define a new polynomial space Si(K) as:
SR = {p € [P(R))* | p- & = 0} (5.31)

We now have all the necessary components ready to define the finite element NED; (K) which

will construct a conforming subspace of H(rot, Q):
Geometry The geometry is the standard reference triangle K C IR? as shown in fig. 5.1.

Function Space Nédélec characterised the function space VNEDk in RY for d = 2, 3 as the
polynomial space:
\d
VNEDk = (Pk—l(K)) o S (5.32)

where the symbol & means the direct sum of the two vector spaces.

In IR? this space can be written in an equivalent form:

Viep, = (Pk—l(k))z ® Py (_fcz] (5.33)

X1

As we will only be deriving the lowest-order element k = 1 we can write the space W/NED1
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as:

VNEDI = (Po(k))2 @ b, [_A&z] (5.34)

X1

LI e

We can therefore write the shape functions N, € VNED1 (R) as:

X1

N, =a, + b [_sz] (5.36)

Degrees of Freedom The set of degrees of freedom L defined on ’VNED1 in the 2 dimensional

case consist of two types of linear functionals:

1. edge degrees of freedom on
)= [@-Dpds VpeP,@ Veck (5.37)

giving a total of 3k edge degrees of freedom.

2. inner degrees of freedom on K
)= [ v-pdi Vpe PRy k= 2only (5.38)
Kk

giving a total of k(k — 1) inner degrees of freedom

Fortunately in our case k = 1 we only have 3 edge degrees of freedom specified by

eq. (5.37) and the calculations are relatively simple.

We label the edges as in fig. 5.1 and orient the unit tangent vectors as shown giving:

. 1 ([-1 . |0 ~ _I! ( )
71—$ L) Tz—lr 73—0 5.39

We can then write the set of edge degrees of freedom /; using eq. (5.37) as:

Li(v) = f(v-%i) X1ds i=1,2,3 (5.40)
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The final step is to construct a finite-element basis N;, N,, N;. To do this we require:
L(N) = 6 (5.41)

We will perform this calculation for the degree of freedom /; defined across the edge e, as this

is the trickiest calculation.

L(N)) = f [“ﬁbj[_;cz]]'

1 (-1) ..
— ds (5.42)
V211
We then parametrise the edge &, as:
r(t) = <1 - tr t)/ 561 =1- t/ 5C2 =t (543)

42 = (=dt)? + (df)? = 24P (5.44)

giving the transformed line integral as:

1 t=1

L(N) = — f (~ay + ay + byt + b(1 = ) V2 dt (5.45)
V2 Y=o

= _611]' + azj + b] (546)

After repeating the above integration procedure for [, and I; we get the following set of equa-

tionsfori=1, 2, 3:

-1 1 1{}ay 1100
0 1 Offay|=]0]1]0 (5.47)
1 0 0f]bd, 0/0]|1
Solving gives:
ay =ay =dap =dy3 =0 (5.48a)
by=ap=a3=b;=1 (5.48b)
b, = -1 (5.48¢)

The coeflicients are then substituted into eq. (5.36) giving the final set basis functions as shown

in eq. (5.28).
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BgT + b

[
A

T

Figure 5.2: Transform between reference element K and physical element K

Conforming affine transform

We define an affine map Fy between a general cell K in the global coordinate system x and the
reference cell K as:
K3 x = F(%) = By & + by (5.49)

To ensure that we construct an H(rot; Q) conforming field across the triangulation T}, we must
use the covariant vector-field transform. To obtain the element shape functions N;(x) from the

reference shape functions N,(x) we use the following covariant transform:
A —Ta
Nj(x) = (DFg¢ "N;)° F7<1(x) (5.50)

where DF;, € R¥? is the Jacobian of the element map:

N J
DFy = %FK(&) (5.51)

This transform is the same as that used to transform the gradients of the shape functions in
the standard H'((2) conforming finite element methods. In the case of the affine map defined

above the Jacobian is simply a constant for each K:

In other words, the components of the vector field transform in a manner similarly to the

derivatives of the standard Lagrangian finite element basis functions.
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€3
N, Ny N3

Figure 5.3: Basis functions N; associated with edge e; on the reference triangle K.

Similarly, we denote the discrete solution for the transverse displacement and rotations as
z, € Vi, and 0, € R, where Vi, = Ry, := ME(Qy; N, p) C HE(Qp). N, is a set of nodes in
Q) associated with a set of support sizes p. Here we assume that (), is a convex domain so that
all basis functions ¢; associated with nodes inside the domain vanish on the boundary. We can

then write the trial functions for the displacement and rotations as:

231
N 23)
z3(x) = Z Piz3i = [(P1 ¢z - (PN] .
i=1 : (5.532)
23N

=9,% Vx € Qq
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N
0,(x) = Y, 90,
i=1

911
912
_ ¢1 P2 . On 0 0 0 <91]\]>
0 0 ... 0 ¢ ¢ ... on|]|6n
622
N
_ %, 9 |]e
0 . 0,

We define the trial functions using the same basis as the test functions:

y3h = (p23/ '1h = (1)9’ lllh = Ny

We can then write the discrete linear set of equations as:

f B/D,B, dQ 6 + f B/N,dQy= f ¢_gd0
‘QO ‘QO Q0

0| -
f N,B, dQ - 2D} f NN, dQy=0
Q 3 Q

(5.53b)

(5.54)

(5.55a)

(5.55b)

where the B, € R¥*N and B, € R¥*N are matrices containing component-wise derivatives of

the shape function vectors:

¢
01
dx, 0
d
_ 02
B,=|0 3
99 99,
dx, ax,
dp
— 2z
B — (pel 0 axl
s 0 —_ (pz?a
(p92 dx,

(5.56)

(5.57)
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and D, € R¥? and D, € IR** are matrices containing the material properties of the plate:

A0
D, =
0 A
1 v O
Db:D v 1 0
0 0 1-v

where

f= f ¢_gd0
Q

where K, € R?V, C € R, v € REX% and f e RN where |’E,| is the number of edges

in the triangulation 7, and N is the number of nodes in the node set /N;. The total solution

vector sizes is of size 3N + |E,,|.

5.3 Results

5.3.1 Methods used for comparison

(5.58)

(5.59)

(5.60a)

(5.60b)

(5.60¢)

(5.60d)

(5.60€)

FE 1 displacement We use standard linear C° continuous Lagrangian elements, denoted CGj,

for all fields (6, z;) in a displacements-only weak form eq. (5.5). This formulation is prone

to shear-locking.
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CG,y CGs + Bs NED,

O,

B

Figure 5.4: FE 2 mixed element; transverse deflections are approximated using continuous
second-order Lagrangian element CG, whilst the rotations are approximated using
CG2 enriched with third-order bubble functions B;. The shear stresses are approxi-
mated using NED, elements which have two internal *moment’ degrees of freedom
in addition to two degrees of freedom on each edge.

FE 2 displacement We use standard quadratic C° continuous Lagrangian elements, denoted
CG,, for all fields (0, z5) in the displacements-only weak form eq. (5.5). This formulation

is prone to shear-locking.
FE 2 mixed We use the element structure shown in fig. 5.4 in a mixed weak form eq. (5.9).

Maximum-Entropy (MaxEnt) mixed This novel method we propose in this chapter using
maximum-entropy basis functions for the displacements and rotated Raviart-Thomas-

Nédélec elements of lowest-order for the shear stresses.

5.3.2 Parameters

We define the following parameters as quantities of interest in the construction of both N, and
T

On node set /N, we define h, as the distance between node i and its nearest neighbouring
node. On a regular grid the distance h will be the same for all nodes. We then define the support

p; of node i with the following formula:

pa = aBh, Ya (5.61)
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On uniform grids of nodes we will take values § = \/5, 2, \/m ,3and @, = 1.05 in an attempt
to find a roughly optimal value.

We define the constraint ratio r as the ratio of the number of degrees of freedom in the dis-
placement variable function spaces ('}, R;) to the number of degrees of freedom in the shear

stress function space Sj,:
. dim "V, + dim R,
dim Sh

This quantity is of interest because it gives a rough measure of the relative sizes of the spaces

(5.62)

which is inherently related to the stability and performance of the final linear system of equa-
tions. We will show through numerical experiments that if the ratio r is too low the method be-
comes over-constrained and solution quality decreases, and if the ratio r is too high the method

becomes under-constrained and unstable.

5.3.3 Simply supported square plate with uniform pressure

We use the common setup of a simply supported square plate with uniform pressure as a test

problem as it has a closed-form analytical solution [32]. The problem domain ; is defined by:
Q= [(xl,x2)€]R2:0<x1 <1,0<x, < 1} (5.63)

and the boundary conditions are hard simply supported:
0-1=n-Le(@n=2;=0 VxeI, (5.64)

where n is the unit normal vector to the boundary and 7 is the unit tangent vector to the bound-

ary. The SSSS domain and boundary conditions are shown in fig. 5.5a.

We take the following numerical values: E = 10920, v = 0.3, ¥ = 5/6, ¢ = 1 and define the

following normalised transverse displacement Z; [32]:

E
2= ———————27: X 102 = 23 X 10° .6
3 12(1 _ vz) 3 3 (5.65)

Note that there is no factor of #* as in Reddy [32] as we have already scaled the loading f by a

factor of g° in the governing weak form to ensure the solution is bounded as  — 0.

We define the L? relative error in e;2(u;, u) between the numerical solution u;, and exact
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Figure 5.5: (a) Domain  for the SSSS square plate showing boundary conditions on each edge.
(b) Example discretisation of square domain.

solution u as:

1/2
2

]2 -
©
(fg

In the case of the simply supported plate where we have an analytical solution available we will

ep2(up, u) = (5.66)

12
u? d_Q)

()
use the above as an indicator of solution quality.

Parameters

In fig. 5.6 we show the effect of the parameter  on the error in the L? norm for thick = 0.2
and thin 7 = 0.001 plates. We can see that a value of § = v/2 is insufficient and that values of
B > 2 appear to be optimal. For § > /4 + 1 there seems to a slight increase in error for the
thick plate, whilst error is minimised at 8 = v/4 + 1 for the thin plate. However these variations
are small enough that we take a value of § = 2 to minimise the bandwidth of the linear system
as well as shape function computation time.

We discretise the domain as shown in fig. 5.5b, using a uniform triangulation 7, with N cells
along an edge, and a uniform node set 2N, with M nodes along an edge.

In fig. 5.7 we demonstrate the effect of the constraint ratio r on the error in the L? norm for
varying f. We use a fixed maximum-entropy node set N}, with M = 12 and vary the underlying
uniform triangulation 7}, by adjusting N to achieve combinations of (.7\61, ‘Z;) with varying

constraint ratios r.
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101 : T T T I I I I
N >—< MaxEnt Mixed, t = 0.2

G—€ MaxEnt Mixed, = 0.001 |]

Figure 5.6: Graph showing the effect of the parameter 8 on convergence. N = 8, M = 12. These
results correspond with those in series 3 (green dashed line) of fig. 5.7
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Figure 5.7: Graph showing the effect of the constraint ratio r on the solution for varying . = 2.
The slightly better performance of the method for thin-plates agrees with the results

shown in fig. 5.6
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We note that for thick plates t > 107! the combinations of (M, ’17,) with the lowest r value
achieve the lowest error, whilst those with the highest  values have the highest error. However,
it is clear that the differences in error for thick plates for varying r are small compared to those
when the plate is thin # < 1072 thus we make decisions on the optimal values of r based on
results for thin plates alone. We can see that for N = 9, 10 corresponding to r = 1.35, 1.65
the error increases rapidly as f decreases. However, for N = 8, corresponding to r = 2.07, the
error stays bounded at around 10-3. For N = 7, corresponding to r = 2.683 we have uniformly
worse convergence across the entire range of . Furthermore to the results shown in fig. 5.7,
we found that the method became unstable for N < 6 corresponding to values of r > 3.6
and for N > 10 we found increasingly poor convergence performance. For the discretisations
used in our convergence studies we have found that constraint ratios between 2.0 and 2.5 to be
satisfactory.

Because of the non-polynomial nature of the maximum-entropy shape functions accurate
integration of the weak form typically requires quadrature rules of higher order than those used
in the FEM. In this study we use the collapsed quadrature rules of Karniadakis and Sherwin
[141]. To ensure that we are integrating the weak form with sufficient accuracy we examined
the effect of quadrature order on the error in the L> norm. We begin by computing the solution
using a quadrature rule of order 7 (49 points per cell) per cell giving our ‘reference' error as
eiif = 6.9243 x 1073. In fig. 5.8 we show the difference between the reference solution and the
solutions computed with increasing quadrature order. The difterence is highest for quadrature
of order 2 (4 points per cell), but for quadrature order 3 (9 points per cell) the difference is
reduced to around 2.0 X 1074, which is less than the solution error of 7.1 X 10~2. With this in
mind we use an excessive quadrature rule of order 5 (25 points per cell) in all subsequent results

to guarantee accurate integration whilst still maintaining acceptable computational times.

Locking

In fig. 5.9 we demonstrate the shear-locking-free property of the proposed method through the
convergence of the centre point transverse deflection 23,(0.5, 0.5) to the Kirchhoff thin plate so-
lution. We show both the Kirchhoft and Reissner-Mindlin analytical solutions; for thin plates
107* < 7 < 1072 the two almost coincide, whilst for thicker plates t > 1072 they diverge as
the Reissner-Mindlin theory's relaxation upon the rotation of the transverse normals Vz; # 0
becomes increasingly important. The FE 2 Displacement result clearly shows the pitfalls of

using an unmodified displacement-based formulation with severe shear-locking for values of
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Figure 5.8: Graph showing the effect of the order of the Gauss quadrature rule used for integra-
tion on convergence. N = 8, M = 12, f = 2.0. Note that the y-axis scale is linear,
not logarithmic as in the other convergence plots.

t < 1072. We note that shear-locking would also occur using the maximum-entropy basis func-
tions, or indeed any other type of standard basis functions using an unmodified displacement-
based weak form. Clearly the proposed maximum-entropy mixed method matches, as desired,

the analytical solution throughout the full range of thick and thin plates.

In fig. 5.10 we show the convergence of 23, to the analytical solution 2; in the L?-norm for
varying f. The error for the proposed maximum-entropy mixed method stays bounded below
1072 as T — 0 whilst for the FE 1 displacement method error increases rapidly for ¢t < 107!
as the formulation locks. The FE 2 mixed formulation also provides results that are free from

shear-locking.

In fig. 5.11 we show the convergence of z3, to the analytical solution 2; in the L>-norm against
number of degrees of freedom for various shear-locking and shear-locking-free methods for
a thick plate 7 = 0.2. We note that all of the methods converge in the L?>-norm. The FE 2
mixed, maximum-entropy mixed and maximum-entropy displacement formulations provide
significantly lower errors than the FE 1 mixed and FE 1 displacement methods. The FE 2
mixed formulation has the highest rates of convergence at around p = O(dof 2y~ o),
consistent with quadratic interpolation. The FE 1 displacement, maximum-entropy mixed

and maximum-entropy displacement formulations have convergence rates of p = O(dof ')
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Figure 5.9: Graph showing normalised central deflection z;(0.5,0.5) of SSSS square plate for

varying f.
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Figure 5.10: Graph showing error in 23, for varying f. Maximum-entropy mixed: N = 8, M =
12, f = 2.0. FE 1 displacement: N = 30. FE 2 mixed N = 8.
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Figure 5.11: Graph showing L? error in 23, against number of degrees of freedom using various
shear-locking and shear-locking-free methods for a thick plate f = 0.2.

~ O(h?), consistent with linear interpolation/approximation. We note that comparing the
purely meshless approach vs. our hybrid FE/meshless mixed approach that both convergence
rates and errors are marginally worse for the latter. However, our approach still seems to
be competitive with the FE 2 mixed method and significantly better than FE 1 displacement
method.

In fig. 5.12 we show the convergence of z3, to the analytical solution 2; in the L?-norm against
number of degrees of freedom for the proposed maximum-entropy mixed and FE 2 mixed
shear-locking-free methods for a thin plate f = 0.001. The maximum-entropy mixed approach
has a convergence rate of p = O(dof” ") ~ O(h?) whilst the FE 2 mixed approach has a con-
vergence rate of p = O(dof” ¥y ~ O(h?). For thin plates the proposed method appears to be

superior to the FE 2 mixed formulation.

5.3.4 Fully clamped square plate with uniform pressure

Using the same domain () as defined in eq. (5.63) we now apply fully clamped boundary con-
ditions:
0=2z=0 VxelI, (5.67)
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Figure 5.12: Graph showing L? error in 23, using two locking-free methods for a thin plate f =
0.001.
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Figure 5.13: Plot of z3,, MaxEnt mixed method 16 X 16 grid, simply-supported plate, f = 0.001
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Figure 5.14: Plot of 0, MaxEnt mixed method 16 X 16 grid, simply-supported plate, f = 0.001

Due to the lack of analytical solution we compute a reference solution on a highly refined mesh
T, with N = 70 using the FE 2 mixed formulation. We take the Kirchhoff centre point de-
flection as 2; = 0.126401 according to Imrak et al. [142]. Our reference FE Reissner-Mindlin
solution agrees with this value to 4 decimal places.

In fig. 5.16 we show the central deflection of the plate for the proposed method and the
FE 2 mixed method alongside the reference solutions. We can see that the proposed method
provides competitive results with the FE 2 mixed method.

In fig. 5.15 we show a contour plot of 8;;, with = 0.001. Smooth results are easily obtained

with no post-processing required.

5.4 Conclusions

In this chapter we have proposed a method for the locking-free simulation of Reissner-Mindlin
plates using a novel combination of maximum entropy basis functions and rotated Raviart-
Thomas-Nédélec elements.

The use of maximum entropy basis functions has allowed simple and direct imposition of
Dirichlet boundary conditions. This ‘weak' Kronecker-delta property is an inherent property
of the maximum entropy approach, and we believe this affords significant advantages over the
more commonly used moving-least-squares basis functions.

We comment that our approach has only required first-order consistency in the meshless
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Figure 5.15: Plot of 0,;,, MaxEnt + NED mixed method 16 X 16 grid, clamped plate, = 0.001
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Figure 5.16: Graph showing normalised central deflection z;(0.5, 0.5) of CCCC square plate for
varying f. Maximum-entropy mixed: N = 10, M = 16, dofs = 1088. FE 2 mixed
N = 10, dofs = 2253. FE 2 mixed N = 15, dofs = 5323.
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basis functions, whereas approaches from other authors have typically required second-order
or higher consistency. This reduces the support size of the basis functions and creates a stiffness
matrix with lower bandwidth.

The approach of using a mixed variational form, although well established in the FEM, has
not to our knowledge been used to solve the problem of shear-locking in the mesh-free plate
literature. Through some simple test problems we have shown the efficacy of the proposed
method which seems to be competitive with the quadratic FEM.

Although we have had to use an underlying mesh for the generation of a H(rot; ;) conform-
ing field, we believe that this is a technological gap between meshless and FE that is already
partially closed, thus opening up the possibility of making our method "truly’ meshless. We
support this assertion by referring to a paper by Buffa et al. [143] where H(curl, Q) conform-
ing B-spline shape functions are constructed for the solution of isogeometric electro-magnetics
problems.

Again, mimicking the approach used in many successful FE approaches such as the MITC
family of elements, the elimination of the shear-strain field y via some kind of projection or
reduction operator (typically denoted IT, or R;, respectively in the literature) may also be pos-
sible. We support this by referring to papers by Sukumar et al. and Ortiz et al. [75, 76] where,
although not explicitly referred to as such, a form of projection operator is defined by volume-
averaging the pressure field over elements attached to each node, eliminating the pressure field

from the final stiffness matrix. We will explore this possibility in the following chapter.
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for the shear-deformable plate problem

In this chapter we explore the use of a stabilised mixed weak form to construct a generalised
displacement meshless method for the Reissner-Mindlin plate problem that is free from

shear-locking.

Generalised displacement methods are a class of numerical methods including techniques
such as MITC, B, EAS and reduced integration which whilst being based upon an under-

lying mixed formulation are expressed in terms of the original problem unknowns only.

We use a stabilised mixed weak form originally introduced by Boffi and Lovadina, which
is a more general version of an idea introduced by Arnold and Brezzi, where the bilinear
form representing the shear energy is split using a parameter between a part calculated
using only the displacement variables and a part calculated using the independent mixed
shear variable. This modification has the effect of ensuring the mixed problem is coercive
on the entire displacement space, and not just the kernel on which the Kirchhoff hypothesis
holds.

The practical outcome of this modification is that a range of simpler and previously unavail-
able finite element and meshless designs suitable for the Stokes problem can be adapted
for use with the Reissner-Mindlin problem. To help inform the design of our novel mesh-
less method we examine some available designs in the finite element literature using the
DOLFIN finite element framework. Two have continuous shear stresses, and two have dis-
continuous shear stresses. We examine the effect of the parameter « on the convergence of
the method. We find that an optimal choice of « is closely related to the local discretisation

size h.

To move from the stabilised mixed weak form back to a generalised mixed method where
the problem is expressed in terms of displacement unknowns only we use a variation on
the inf-sup stable volume averaged nodal pressure technique of Ortiz et al.. We interpret
this technique as an L? projection operator from a high-order to a low-order space and

thus it has close mathematical similarities to existing techniques. We provide a detailed al-

169



6 Generalised displacement meshless methods for the shear-deformable plate problem

gorithmic and graphical overview of the procedure which was not presented in the original

papers of Ortiz et al..

We then present standard benchmark problems which demonstrate the shear-locking free
nature of the proposed method. We achieve convergence for the transverse displacement
variable in the L? and H! norms and for the rotation variables in the L? norm, but not in
the H! norm. Given the similarities between our approach and various successful finite
element designs this is an unexpected result. We examine two potential causes of this
problem; the selection of the parameter «, which must be related to the local discretisation
size and the design and implementation of the projection operator. Even after reverting to
the unprojected system the convergence problems in the rotation variables remain. This
suggests that the choice of the parameter « is probably the issue. We then discuss some

on-going work that may help alleviate this problem.

Note: The author of this thesis spent a two week period working with Dr. A. Ortiz at the
Universidad de Chile in Santiago, Chile. Dr. A. Ortiz is one of the authors of the two papers
on the volume averaged nodal pressure technique. The work undertaken with Dr. A. Ortiz
relates to the application of the volume averaged nodal pressure technique to the problem
of incompressible hyperelasticity. The work in this chapter on the Reissner-Mindlin plate

problem is independent of this collaboration with Dr. A. Ortiz.

6.1 Introduction

In the previous chapter we demonstrated the effectiveness of using a mixed variational form to
eliminate shear-locking in the Reissner-Mindlin plate problem. However, utilising the mixed
variational formulation was not without cost, primarily that the number of degrees of freedom
in the final system increased significantly.

Other issues also arise which are specific to our method. Because the rotated Raviart-Thomas-
Nédélec elements require the use of the covariant transform between the reference element and
an arbitrary element of the mesh, which is calculated from the derivatives of the element map,
accuracy will decrease with heavily distorted element shapes which are typically found in large
deformation problems. This problem is identical to the issues that occur in H!(Q) finite ele-
ment methods. Ultimately, this may negate some (although not all) of the advantages of using
a meshless basis for the displacement unknowns.

Another issue is that practitioners, particularly for structural mechanics applications, have

been reluctant to implement and use mixed finite element methods. This is probably due to a
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variety of factors; complexity of implementation and lack of available open-source codes may
be some of the underlying reasons. However, schemes which are understood mathematically
and designed using a mixed weak form but are only expressed in terms of the original displace-
ment unknowns are widely used in practice. Methods of this type are often called generalised
displacement methods [144].

Generalised displacement methods have three main advantages [50]; they are often easier to
implement than the mixed method, they have similar or identical numbers of unknowns as in
the original displacement problem, and finally the resulting linear system is typically symmetric
positive definite, greatly easing the design of robust linear solvers. These advantages have led
generalised displacement methods, such as enhanced assumed strains (EAS), assumed natural
strains (ANS), mixed interpolation of tensorial components (MITC) and reduced integration,
to becoming popular and widely used techniques in the computational structural mechanics
community.

With this in mind it seems clear that the ideal meshless method for the Reissner-Mindlin
problem would be a generalised displacement method. The method would be based upon
a mixed weak form, inheriting the superior qualities of that approach such as being shear-
locking free, and then some suitable procedure would be designed that eliminated the auxiliary
unknowns relating to the shear stresses, leaving a linear system in the original displacement
unknowns only. The method should use a basis for the shear stresses that does not require the
use of an element map, thus retaining the advantageous properties of the meshless basis used
for discretising the displacement unknowns.

The thinking behind the proposed generalised displacement meshless method for the Reissner-
Mindlin plate problem is as follows. Ortiz et al. [75, 76] introduced a generalised displace-
ment meshless method for the Stokes flow problem (or equivalently, the problem of nearly-
incompressible elasticity) which works by volume-averaging the pressure across representative
domains attached to each node defined by a triangulation, allowing the pressure to be written
in terms of the displacement unknowns. The pressure is then eliminated from the problem, re-
sulting in a generalised displacement method. The inf-sup condition is satisfied by the addition
of extra degrees of freedom in the displacements, similar to the addition of bubble functions in
the MINI finite element method. The resulting method is free from volumetric locking. Unfor-
tuanately, when we apply the technique of Ortiz et al. directly to the Reissner-Mindlin problem
the method completely fails to converge because it is unstable. This instability is caused by the
violation of the kernel coercivity condition, a necessary condition for convergence and stability

in any discretisation of the mixed Reissner-Mindlin problem.
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The question then arises, is it possible to adapt the generalised displacement meshless method
of Ortiz et al. so that it will work for the mixed Reissner-Mindlin problem? An answer lies in
a small number of papers examining the adaptation of finite element designs for the Stokes
problem to the Reissner-Mindlin problem. The key is recognising the mathematical difference
between the Stokes problem and the Reissner-Mindlin problem within the framework of the
penalised saddle point problem theory of Braess discussed in section 4.2.2. The difference is
that the Stokes problem is coercive on the entire displacement space, rather than just the ker-
nel as in the Reissner-Mindlin problem. The trick then lies in making the Reissner-Mindlin
problem look more like the Stokes problem in a mathematical sense. This modification en-
tails splitting the shear energy between a part calculated using the displacement unknowns and
a part calculated using the mixed unknown using a parameter a. This modification ensures
that the new Reissner-Mindlin problem is coercive on the entire displacement space, not just
on the subspace on which the Kirchhoff hypothesis holds. This greatly opens up the design
possibilities for stable numerical schemes.

We begin this chapter by deriving the stabilised mixed weak form from the original displace-
ment form of the Reissner-Mindlin problem. We show that the stabilised form is essentially a
blending of the advantageous properties of the displacement and the mixed weak form and that
the stabilised form contains the displacement and mixed weak form as limiting cases.

Then to help inform the design of the novel meshless method we then examine some available
designs suggested in the finite element literature using the DOLFIN finite element package.
We present results for TRIAo220, which is based on the classic CG, — DG, Stokes element.
We examine the effect of the parameter a on the convergence of each design. We find that an
effective choice of « is closely related to the local discretisation size h.

Then we turn to the design of the proposed meshless method. No computational algorithm
is given of the generalised displacement meshless method proposed in the papers of Ortiz et
al. Therefore we give a full overview of the volume-averaging technique and perform some
basic tests with comparison to the MINI element implemented in the DOLFIN finite element
package to ensure our implementation of the procedure is correct.

We then fully develop the proposed discretisation for the Reissner-Mindlin problem using a
modification of the volume-averaged pressure technique of Ortiz et al.. We call the technique
the local patch projection operator, a more general term than volume-averaged pressure tech-
nique which we feel better reflects the general mathematical foundation this type of procedure
is based upon.

Clearly a critical aspect of our formulation is the selection of the parameter a. For optimal
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performance the parameter must be in someway related to the local discretisation size of the

node set N,. We perform sensitivity studies to examine potential schemes for selecting a.

Whilst convergence is achieved for the transverse displacement variable z; in the L? and
H! norms and for the rotation variable in the L? norms, we do not achieve convergence in
the rotation variable in the H! norm. Because of the similarities between our approach and
the stabilised MINI design this was an unexpected result. We postulate that the cause of this
problem must either be to do with the selection of the parameter « or the underlying properties
of the local patch projection operator. To try and narrow down the cause of the issue we perform
studies with the unreduced system (ie. without the local patch projection operator). We find
that the issue with convergence of the rotations in the H! norm still remains, suggesting that

the choice of parameter « is probably the issue.

6.2 Formulation

6.2.1 Derivation of stabilised mixed weak form

In this section we will derive the stabilised mixed weak form directly from the displacement
version of the Reissner-Mindlin problem. We will then explain why it is so much easier to

design successful discretisations for this problem rather than for the standard mixed problem.

We begin with the following simplified form of the scaled Reissner-Mindlin plate problem:

ap(0; 1) + Ai2a,(0, 23,11, y3) = g(v3) (6.1)

We then split the shear bilinear form a,(, z;; 7, y;) into two parts using a parameter 0 < o < 2

[145]:

a,(0, 1) + Aay(0, z3; 1, y3)
= ay(0, 1) + Aaay(0, z3; 1, y3) + AM(E* — a)a,(6, z3; 1, y3) (6.2)
= g()’3)

Now, instead of substituting the mixed shear stress variable y into both parts of a;, we substitute

the following modified shear stress variable into the third term of eq. (6.2) only [146]:

y =M% - a)(Vz; — 0) (6.3)
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Displacement

Mixed

Shear Energy

Figure 6.1: The entire shear energy contained in the shear bilinear form, represented by the en-
tire circle, is split into two parts, one calculated from the mixed shear stress variable
and one from the displacement variables. When the splitting parameter reaches
the two limiting values the displacement formulation or the mixed formulation is
recovered.

which gives:
ay(0, 1) + Aaay(0, z3; 1, y3) + (9,53 — 1) = g(¥3) (6.4)

We then form a second equation by performing the standard Galerkin procedure using the

shear stress test functions ¥ € S on eq. (6.3), resulting in the following new problem [146]:

Problem 16 (Stabilised mixed scaled Reissner-Mindlin problem). Find the transverse deflec-
tion, rotations and transverse shear stresses (z3,0,y) € (Vs, R, S) such that for all (ys, 5, v) €

(Vs, R, S):

ay(0, 1) + Aaal(0, z3; 1, y3) + (¥, Vys — M)i2q,) = &(3) (6.52)

2

(VZ3 - 0/ ‘//)LZ(-QO) h m

¥ ¥y =0 (6.5Db)

We illustrate this shear splitting graphically in fig. 6.1.

The key difference in comparison with the standard mixed formulation eq. (5.9) in the frame-
work of the general theory presented in section 4.2.2 is that the bilinear form a for our stabilised
problem eq. (6.5):

a(z3, 0;vs, 1) := a,(0, 1) + Aaay(6,z3;1, ) (6.6)

is now coercive on the entire space X, not just on the subset of functions Z on which the Kirch-
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hoff constraint holds. More specifically, in our new stabilised problem, there exists a constant?
0 > 0 such that:

a(v;v) = ay(0, 1) + Aaay(0,z3;1,y;) = S|l VveX (6.7)

where X = V, x R = HL\(Q) x [H}(Q)]?. This is in contrast with with the standard mixed

formulation where there only exists a constant § > 0 such that:
a(v;v) :=a,(0; 1) > 8||v||§( YveZ (6.8)

where:
Z= Iv € X|b(v;q) = ayz3,0,v5,n) =0 Vge iM] (6.9)

is the kernel of the full space X on which the Kirchhoft hypothesis holds. Thus in the new
stabilised Reissner-Mindlin problem eq. (6.5) part 1 of theorem 1 and theorem 3 are satisfied
automatically. Thus we have a *good' problem on the condition that the inf-sup condition on
b in part 2 of theorem 1 is satisfied. This is why the parameter « is referred to as a stabilisation
parameter as its addition generates a mixed weak form that is stable for a far less restrictive set
of conditions than for the original mixed problem.

We can express the above ideas in simpler terms; we know that the displacement form eq. (5.9)
is prone to shear-locking but is always stable when discretised, whilst the standard mixed form
is typically unstable when discretised, but behaves well as the small parameter 7 approaches
zero. Therefore by splitting the shear energy between a part calculated using the standard mixed
form and a part calculated using the standard displacement form, the advantageous properties
of both the mixed form and the displacement form are blended together.

The new stabilised problem contains both the displacement form and the mixed form as
special cases. By substituting &« = 72 into the stabilised form eq. (6.5) we recover the original
displacement form eq. (5.9). By substituting « = 0 into the stabilised form eq. (6.5) we recover
the fully mixed form previously derived in eq. (5.5).

A stabilised mixed weak form of this type was first introduced in the context of the Reissner-
Mindlin plate problem by Arnold and Brezzi [146]. Their aim was to design some new simple
and low-order elements for the Reissner-Mindlin problem. They introduced two element de-

signs with discontinuous Lagrangian shear approximation of zero order [DG,]* and two with

'We denote the coercivity constant & here instead of the a suggested by Braess earlier in this thesis to avoid
confusion with the stabilisation parameter a.
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6 Generalised displacement meshless methods for the shear-deformable plate problem

continuous Lagrangian shear approximation of first order [CG,]*>. The developments in this
paper are primarily mathematical, and thus no numerical results are presented, which explains
why no actual stabilisation parameter is introduced; the parameter, which we refer to as « is
implicitly set to be equal to one, which is sufficient to ensure the coercivity of the problem on
the whole displacement space X, but not the optimal performance of a numerical method.

It was in the later and more general papers by Boffi and Lovadina [145] and Lovadina [147]
that recognised for the optimal performance of this stabilised mixed weak form it was important
to have a stabilisation parameter « which was related to the local characteristic size of the mesh
hk. In fact, they found that a judicious choice of « will actually improve the rate of convergence.
The paper of Boffi and Lovadina also recognised the similarity of the technique to the method
of the augmented Lagrangian outlined in Fortin and Glowinski [148], a connection that was

not made in the original paper of Arnold and Brezzi [146].

6.3 FE discretisation

In this section we will show an example discretisation of the stabilised mixed weak form using
finite elements. The aim of this is to answer two questions; firstly, can the design of a stabilised
finite element scheme help inform the design choices made in a novel meshless scheme, and
secondly, are there any significant differences in behaviour between the finite element schemes
and the meshless scheme?

As we are now talking about discretisations of the stabilised mixed weak form eq. (6.5) we
introduce discrete spaces for the displacements zy, € Vi, C V;, the rotations 8, € R, C R,
and the shear stresses y, € S;, C S giving:

Problem 17 (Discrete stabilised mixed scaled Reissner-Mindlin problem). Find the transverse
deflection, rotations and transverse shear stresses (z;, 0, yh) € (Vi Ry, S) such that for all

(}’3/ n, ‘/’) € (V?»h/ R’h/ Sh):

ap(0, 1) + Aaay(By, s 1, y3) + (¥, Vs — M), = 803) (6.10a)

2

(Vzsp = 0, ¥)12(0y) — m(yh, V)12, =0 (6.10Db)

In fig. 6.2 we show four different finite element designs for the discrete stabilised mixed form

of the Reissner-Mindlin problem in eq. (6.10). In this section we will concentrate on the ele-

ment design TRIAo220. The element design studied in this section is closely related to the
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MINI2 MINI1 TRIA0220 TRIA1B20
" k
S k

Figure 6.2: Various finite element designs available in the literature for the stabilised mixed
weak form. MINI2 (CG,®B;)X[CG,]*XCG, [146] and MINI1 (CG,®B;)X[CG, ]*x
CG; [146] (red) have continuous shear stresses, whist TRIA0220 CG, X[CG,]*XDG,
[150] and TRIA1B20 (CG, & B;) X [CG,]* X DG, [146] (green) have discontinuous
stresses. The open circle represents a degree of freedom associated with the cubic
bubble function space B; which vanishes on the element edge.

classic Stokes [CG,]*-DG, element, where displacements are approximated using second-order
Lagrangian elements, and pressure is approximated using discontinuous zero-order Lagrangian
elements. It is the ‘richness' of the displacement approximation space with respect to the pres-
sure approximation space which ensures that the inf-sup condition is satisfied [149].

The TRIAo0220 discretisation can be specified as follows [150]:

Vi 1= CG,(Qy; 771) = [)’3 € Hy() | yslx € P,, VK € 77,] (6.11a)
Ry, = [CG,(Qy; T = {’1 € Hy(Qo)* | nlx € [P,]?, VK € 771] (6.11b)
S = [DGo(Qo; Tw)P* = {w € L2(Q0)? | Yl € [P, VK € Ty} (6.11¢)

In the context of Reissner-Mindlin plates and the discrete stabilised mixed weak form in eq. (6.10)
the element design TRIA0220 was first suggested by Lovadina [147]. With the stabilisation pa-
rameter « = 1, Lovadina [147] showed analytically that the method is first-order convergent in
the H! norm for both displacement z3;, and rotation 6, variables. This is actually sub-optimal
given that the space Vs, consists of quadratic functions which normally give second-order con-
vergence in the H! norm, and is related to the imbalance in approximation quality between the

approximation spaces Vj, and S, inherited from the classical Stokes P,-P, element. Interest-
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6 Generalised displacement meshless methods for the shear-deformable plate problem

ingly however, Lovadina [147] showed analytically that by making the factor & dependent on
the characteristic local mesh size hy and by setting « ~ O(hy') that the order of convergence
can be increased to 3/2. In an extended numerical analysis of the method, Chinosi and Lovad-
ina [150] demonstrate that the element design actually works best for « varying as a ~ O(hi?)
which is the dimensionally consistent choice. Clearly a *good' choice of &, which will be in
some way based on the characteristic local size of the discretisation, is necessary to ensure the
optimal performance of the method, although as we will see there is a reasonable amount of
leeway in selecting such a value.

We have implemented TRIAo220 (and all the other element designs shown in fig. 6.2) into
the DOLFIN finite element framework [127]. In algorithm 3 we show a code snippet specifying
the function spaces defined in eq. (6.11), and in algorithm 5 we show a code snippet specifying
the weak form in eq. (6.10). Because of the unified form language (UFL) and just-in-time
compilation techniques built into the DOLFIN finite element framework changing to a different
element design, such as the MINI1 element shown in fig. 6.2, is just a matter of changing the

definition of the function spaces in the Python code, as shown in algorithm 4.

Algorithm 3 Python code snippet for specifying finite element function spaces for TRIA0220
element in DOLFIN

def TRIA0220(mesh):
DGO FunctionSpace(mesh, "DG", 0)
CG2 FunctionSpace(mesh, "Lagrange", 2)

MixedFunctionSpace([DGO, DGO])
= CG2
MixedFunctionSpace([CG2, CG2])

A< W0
I w

return (v_3, R, S)

V_3, R, S = TRIA0220(mesh)
U = MixedFunctionSpace([V_3, R, S])

In fig. 6.3 we begin by examining the effect of varying the stabilisation parameter « on the
convergence of the variables in various norms for a fixed disretisation and plate thickness. We
reiterate the effect « has on the underlying discrete weak form; as « — 0 (left hand side of
fig. 6.3) we tend towards the original mixed weak form eq. (5.9), which violates the kernel
coercivity condition. Conversely, as @ — 772 (right hand side of fig. 6.3) we recover the standard
displacement weak form eq. (5.5) which locks. Broadly speaking we can see that an optimal

value of « lies somewhere between these two extreme points. We remark that the convergence
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Algorithm 4 Python code snippet for specifying finite element function spaces for MINI1
element in DOLFIN

def MINI1(mesh):
CGl = FunctionSpace(mesh, "Lagrange", 2)
B3 = FunctionSpace(mesh, "Bubble", 3)

S = MixedFunctionSpace([CGl, CG1l])
V_3 = CG1l + B3

R = MixedFunctionSpace([CGl, CG1l])
return (v_3, R, S)

V_3, R, S = MINI1(mesh)
U = MixedFunctionSpace([V_3, R, S])

Algorithm 5 Python code snippet for specifying stabilised mixed weak form in DOLFIN

z_3, theta, gamma = TrialFunctions(U)
y_3, eta, psi = TestFunctions(U)

E = 10920.0

kappa = 5.0/6.0
nu = 0.3
thickness = 0.001

D_c = E/(12.0%(1.0-nu**2))

G_c = E*kappa/(2.0%*(1.0 + nu))

D = Constant(D_c)

# The variable G is the shear modulus \Tambda
G = Constant(G_c)

t = Constant(thickness)

nu = Constant(nu)

h = cellsize(mesh)
alpha = h**-2.0

Note: lambda is a python keyword, not a material parameter!
Tambda u: 0.5*(grad(u) + grad(u).T)

#
e
L Tambda epsilon: D*((1.0 - nu)*epsilon + nu*tr(epsilon)*Identity(2))

D*inner(L(e(theta)), e(eta))*dx
G*alpha*inner(grad(z_3) - theta, grad(y_3) - eta)*dx

A =ab + a_s + inner(gamma, grad(y_3) - eta)*dx + \
inner(grad(z_3) - theta, psi)*dx + \

1 = y_3*dx
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102 p——rrrre

10t E

10°

Figure 6.3: Graph showing convergence for transverse displacement and rotation variables for
varying values of a. TRIA0220 element hx = 1/8 on a uniform mesh. Square Do-
main with SSSS boundary conditions, E = 10920, v = 0.3, 7 = 1073. The vertical

dotted lines denote the choices a ~ [O(hl‘}), O(h,}z)] suggested by Chinosi and Lo-
vadina [150].

for the rotation variable 0 is relatively insensitive to the choice of the parameter a. The choice
for the transverse displacement is clearly more critical with an acceptable convergence occuring
in the range 10° < & < 10° and the best convergence in the range 10! < a < 102. This range is
bounded nicely by the choices « ~ {O(hl}l), O(h}z)} suggested by Chinosi and Lovadina [150]

which are shown with vertical dotted lines.

We now examine how the convergence is affected for varying thickness #. Clearly the ideal
method would perform reasonably consistently for thick through to very thin plates. In fig. 6.4
we show convergence for varying thickness #, whilst keeping & constant. We can see for thin
plates 10™* < 7 < 107! that performance in the z; variable is essentially constant, but deterio-
rates slightly when the plate becomes thick 7 > 10~!. We have marked the point where 7 = hy,
that is, the point where the plate thickness is equal to the characteristic element size. Clearly at
such a point the employment of a mixed method to avoid shear-locking is unnecessary. With

this in mind we employ the following modification to the parameter o which effectively turns

180



6.3 FE discretisation
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Figure 6.4: Graph showing convergence for transverse displacement and rotation variables for
varying thickness 7 with constant a = > = 64. Note that there is a slight decrease
in performance as the plate becomes thick with respect to the characteristic mesh
size hg. TRIA0220 element iy = 1/8 on a uniform mesh. Square Domain with SSSS
boundary conditions, E = 10920, v = 0.3, = 1073.

off the mixed formulation when > hy:

a ~ O(h;?) (6.122a)
h; = max (%, hg) (6.12b)

With this modification made we repeat exactly the same experiment but with the modified
form of h;. The results shown in fig. 6.5 suggest that the modification has been effective in
suppressing the deterioration in performance for f > hy, and in fact we see slightly improved

performance for £ > hy.

We now examine convergence for different recipes of a. To do this we generate convergence

results using the following choices for « for increasingly fine meshes:
o ={0h"), O "), O(h?)] (6.13)
In figs. 6.6 and 6.7 we show the convergence of the transverse displacement in the L? and H!

norms respectively for varying choices of the stabilisation parameter a. Convergence rates are
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Figure 6.5: Graph showing convergence for transverse displacement and rotation variables for
varying thickness 7 with modified variable o = h;2. The use of the modified form of
h; results in a method which performs slightly better for thick plates. TRIA0220 ele-
ment hx = 1/8 on a uniform mesh. Square domain with SSSS boundary conditions,

E =10920,v=0.3,7=1073.
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Figure 6.6: Graph showing convergence of transverse displacements in H' norm for varying
« choices. Square domain with SSSS boundary conditions, E = 10920, v = 0.3,

t=107.
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Table 6.1: Convergence rates for series in figs. 6.6 and 6.7. Calculated from first-order fit to
curves.

o pr2 PH!
O(h;')  -1.494 -1.000
O(h{s/z) -1.757 -1.256
O(h?) -1.993 -1.379

given in table 6.1. We note that it is clearly possible to improve the convergence rate of the
TRIAo0220 element by judicious choice of the parameter . The results for 6 (not shown) are
less sensitive to the choice of a, reinforcing the results in fig. 6.3.

We draw the following conclusions from this numerical experiment performed with the

TRIA0220 element:

1. If o is too small, that is, if the coercivity of the discrete bilinear form is lost, then the

convergence of z; deteriorates whilst 6 is unaffected.

2. If ais too large, then the formulation suffers from the shear-locking effect, and the con-

vergence of both z; and 0 deteriorates.

3. Convergence is acheived over a sufficiently large range of a to suggest that there is a decent

chance of designing a method that performs well

4. For optimal convergence, the parameter &« must in some way be based upon the local
discretisation size. At least for the TRIA0220 element, the choice « ~ O(h2), which is

the dimensionally consistent choice, appears to be optimal.

We will come back to these four conclusions when examining the performance of the proposed

meshless method later in this chapter.

6.4 Techniques for developing generalised displacement
methods

Before continuing to develop the proposed meshless method, we take a look at various ways

of developing a generalised meshless displacement method, with particular emphasis on the
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102 103 104 10°
dofs

Figure 6.7: Graph showing convergence of transverse displacements in L? norm for varying
a choices. Square domain with SSSS boundary conditions, E = 10920, v = 0.3,
t=1073.

mathematics and implementation of the volume-averaged pressure technique of Ortiz et. al

[75, 76].
For simplicity, we will use the nearly-incompressible elasticity problem, which is similar in

nature to the Stokes' problem, which is in turn similar to the stabilised Reissner-Mindlin prob-
lem developed in this chapter. The discrete mixed nearly-incompressible elasticity problem

with homogeneous Dirichlet boundary conditions can be stated as follows [151]:

Problem 18 (Discrete mixed nearly-incompressible elasticity problem). Given a domain Q C
R" containing a nearly-incompressible elastic body find the displacements and pressure (uy, py,) €
Uy, X Py, C [Hy(Q)]* X L*(Q)/R such that:

yf e(uy,) - e(v) dQ + f prdivv dQ = ff vdQ Yv e U, (6.14a)
Q Q Q

f divey, g d0— = f phg A0 =0 Vge P, (6.14b)
(0] /\6 (0]

where y and A, are Lame's first and second constants and &(v) is the usual small strain operator.

L*(Q)/R is the space of square-integrable functions which differ up to a constant.

This problem fits in to the penalised saddle point problem framework of Braess eq. (4.8),
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with the following choices:

X:=U:= H(Q)?, a(u,v) = yf &(u) - g(v) dQ (6.15a)
o
M= P:= Q)R b(v,q) == f divy q dO (6.15b)
o
M, = L2(Q)/R, c(p,q) = qu daQ (6.15¢)
o

and with the small parameter # = 1/A,. Recall that the Lame's second parameter A, is defined

for an isotropic material in terms of the Young's modulus E and Poisson's ratio v as:

vE

/\e = m (6.16)

so when the body under consideration is nearly incompressible with v — 0.5 then the small
parameter will vanish t = 1/A, — 0, resulting in a well-defined problem. When 1/A, = 0 the
pressure variable acts as Lagrange multipliers which enforce the incompressibility constraint.
In very general terms, without making any specific choices, the development of a generalised
displacement method can be expressed mathematically as follows. We first ensure that we have
chosen a ‘U, and P, which satisfy the inf-sup condition. We do not need to worry about the
kernel coercivity condition here because the form a(u, v) is coercive on the entire space X, not
just the kernel Z. We then rearrange eq. (6.14b) to find p;, in terms of the displacement variable
uy:
pr = A Iy (div uy,) (6.17)

where IT}, is a projection operator from the discrete displacement space ‘U, to the discrete pres-
sure space Py
11, : ’Uh - ?h (6.18)

Then we simply substitute our new expression for p, back into eq. (6.14a) resulting in the fol-

lowing expression in terms of the original unknowns only:
yf e(uy,) - e(v) dQ + f IT,(divu,) divy dQ = ff vdQ VYvel, (6.19)
Q o) Q
The link between the mixed method and the generalised displacement method should now

be clear; in the generalised displacement method the mixed variable (in this case, the pres-

sure) is assumed implicitly via the projection operator II,, whereas in the mixed method the
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mixed variable is included in the formulation explicitly. The reduction operator I}, is a discrete
modification of the usual problem variable u;, such that the generalised displacement method
inherits the advantageous properties of the underlying mixed method, which most importantly
in our case is the robustness with respect to the small parameter A,.

Of course, we haven't actually discussed how the projection operator can be implemented.
It turns out that many methods can be used to construct the operation II,. In the following
sections we will discuss some of these methods with particular regards to their applicability in

meshless methods.

6.4.1 Static condensation

Static condensation, or more specifically the Schur Complement, is a projection at the linear
algebra level, that is, working with the assembled matrices. The problem shown in eq. (6.14)

results in a linear system with the following block matrix form:

A B
BT -C

ul _)f

’ = 0 (6.20)

where the matrix A, B and C are the matrices associated with the bilinear forms a(uy, v), b(u;, q)
and c(py, q) respectively. fis the vector associated with the operator (f, v) and the vectors u and
p are the vectors of unknowns for the displacements and pressures respectively.

We can then re-write eq. (6.20) as two equations:

Au+Bp=f (6.21a)

B'Tu-Cp=0 (6.21b)
Solving eq. (6.21b) for p gives:

p=C'BTu (6.22)

Comparing eq. (6.22) to eq. (6.17) we can see that the expression C'B” is equivalent to the

projection operator IT,. We can then substitute eq. (6.22) back into eq. (6.21a) giving:
(A+BC'BNu=f (6.23)

The matrix BC™!BT is called the Schur complement.
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Because the above process requires the inversion of C, the structure of the matrix C s critical
in determining whether the static condensation procedure is practical. If C is a general sparse
matrix then the inverse C! is in general not sparse. Recall that the matrix C is associated with

the bilinear form c(p;, q):
c(pn, q) = f prg A0 (6.24)
0

If we construct pressure space using discontinuous Lagrangian elements 7%, C L* = DG, for
any polynomial order p then degrees of freedom in each element are decoupled. The integration
across the entire domain in eq. (6.24) then decouples into integration across element domains
Qg
o)=Y [ piado (6.25)
K Y Q¢

Each summation term in eq. (6.25) is then associated with a dense matrix Cx which results in

a matrix C with the following block diagonal form:

_Cl

C
C= 2 (6.26)

Ck

The matrix C will be either diagonal for DG, or block diagonal for DG, with p > 1. If the
matrix C is in diagonal or block-diagonal form then the inverse C~! will also be block-diagonal

or diagonal and the inverse can be calculated by individually inverting each block:

C!
C!

Cl= (6.27)

c

With this block-diagonal form of C the static condensation procedure can be performed with
minimal use of memory due to the preserved sparsity pattern and low computation time due to
the cheap blockwise inversion procedure. In fig. 6.8 we show the sparsity pattern of the mixed
stabilised Reissner-Mindlin system using the TRIAo0220 element assembled on a two element
square mesh. This procedure was implemented at the linear algebra level into the DOLFIN

finite element framework using the CBC.Block package [152].
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Mixed Reduced Schur Complement

Figure 6.8: Sparsity pattern of mixed stabilised Reissner-Mindlin system, reduced system and
the Schur complement, using TRIAo220 element on a two element square mesh.
Note the diagonal nature of the matrix C and that the sparsity pattern of the displace-
ment degrees of freedom is unchanged by the addition of the Schur complement.

With regards to the implementation of a generalised displacement meshless method using the
static condensation procedure, the high-continuity of meshless methods means that in general
we would have P, € H'(Q). Therefore the matrix C associated with the bilinear form c(p;, q)
will not be in block-diagonal or diagonal form, making the inversion procedure prohibitively

expensive.

6.4.2 Reduced integration

One of the earliest remedies for the problem of volumetric locking was the reduced integration
method. Reduced integration is the use of a quadrature rule for the integration of the weak
form of lower accuracy than required to integrate the weak form exactly. The procedure was
an effective remedy for the problem of shear locking, but theoretical understanding of exactly
why it worked was missing for a long time. It was considered a "trick' by many. Later, Malkus
and Hughes [153] showed that in some cases the use of a reduced integration method corre-
sponds to an implicit choice of a mixed scheme, and therefore reduced integration methods can
be analysed using the mathematical framework of mixed schemes. A modern presentation of
these results is given in Boffi et al. [151]. It should be noted that there is not a reduced integra-
tion procedure that corresponds to every mixed scheme, especially when considering meshes

containing arbitrarily shaped elements [151].
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6.4.3 Reduction operator

We have already discussed the use of a reduction operator in the context of the MITC element

in section 5.2.4.

6.4.4 Nodal integration

Beissel and Belytschko [67] introduced the nodal integration method for the element-free Galerkin
method. In nodal integration methods the bilinear form is integrated by placing integration
points at the nodes only, rather than using full Gauss quadrature. In this aspect nodal inte-
gration methods are very much in the spirit of the reduced integration methods discussed in
section 6.4.2. However, because of the vanishing derivatives of the basis functions at the nodal
points nodal integration methods typically suffer from spurious modes. Beissel and Belytschko
[67] solved this problem by adding a residual of the equilibrium equation to the bilinear form
representing the mechanical energy to stabilise the method.

In a later paper J.S. Chen et al. [154] introduced the stabilised conforming nodal integration
method (SCNI). In this method the spurious modes associated with the vanishing derivatives
of the basis functions are stabilised by pushing the integration from the nodal positions to the
local boundary using the divergence theorem. There is no longer any need to evaluate the basis
functions at the nodal points, which eliminates the issue found in the method of Beissel and
Belytschko [67]. The local boundary is defined by the Voronoi diagram, which is the dual of
the Delaunay tessellation or mesh [154]. Each Voronoi cell defines a single smoothing domain
for each node in the discretisation.

Wang and Chen [68] applied the SCNI technique to the Reissner-Mindlin problem. A single
smoothing cell is used to calculate the integral in the bending bilinear form only, in the same
manner as the original SCNI paper of Chen et al. [154]. The shear bilinear form is integrated
using a standard nodal integration procedure in the style of the original paper of Beissel and
Belytschko [67]. Although the distinction is not made clear in the paper of Wang and Chen
[68], it is our view that the shear-locking problem is eliminated in this paper because of the
nodal integration applied to the shear bilinear form, rather than the SCNI procedure applied
to the bending bilinear form. Therefore with regards to solving the shear-locking problem the
formulation of Wang and Chen [68] is very similar to a reduced integration procedure.

In a later work G. R. Liu et al. [155] considered how to apply the SCNI method to the finite
element method. The resulting method is called the smoothed finite element method (SFEM).
The key advance made in the SFEM [155] is that instead of there being a single smoothing cell
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associated with each node, each cell in the mesh can be divided up into any number of smooth-
ing cells. The integral within the volume of each smoothing cell is pushed to the boundary of
the cell using the divergence theorem, in a similar fashion to the SCNI method. By varying the
number of smoothing cells the fundamental properties of the SFEM change. When the num-
ber of smoothing cells is equal to one the element is under-integrated and suffers from spurious
modes. The authors found the best results when using four smoothing cells.

The link between the SFEM (and by analogy, the SCNI method) and a mixed method was
shown analytically by G.R. Liu et al. [156] by considering a three-field Hu-Washizu energy
functional, which can be expressed as a mixed weak form. It is shown in [156] that when using
one smoothing cell on a parallelogram element the element stiffness matrix generated by the
SFEM is identical to that produced by the reduced integration procedure in the standard FEM.
When an infinite number of smoothing cells are used the element stiffness matrix generated by
the SFEM is identical to that produced using a full integration procedure in the standard FEM
[156]. Intermediate numbers of smoothing cells sit in between these two extreme points [156].

Therefore there is a strong mathematical link between the SFEM, the use of a mixed vari-
ational formulation and the classical reduced integration procedure, so the SFEM and SCNI
methods can certainly be classed as generalised displacement methods.

The ability of the SFEM to alleviate volumetric locking was explored in papers by T. T. Nguyen
etal. [157] and N. Hung [158]. Both papers rely upon the SFEMs coincidence with the reduced
integration method to produce SFEM schemes that are free from volumetric locking. Classical
nodal integration techniques have been applied to the problem of incompressible locking in the
FEM by Krysl and Zhu [159].

Bordas et al. considered a SFEM design for the Reissner-Mindlin problem in [160]. In this
paper the smoothing cells are used to calculate the integral in the bending bilinear form only,
similarly to the work of Wang and Chen [68] but using a varying number of smoothing cells
as in [155]. The shear-locking problem is eliminated by applying the same reduction operator
used in the quadrilateral MITC4 element. No smoothing is used on the shear bilinear form.
Therefore with regards to solving the shear-locking problem the formulation of Bordas et al. is
identical to the MITC4 element of Bathe and Dvorkin [161].

6.4.5 Volume-averaged nodal pressure technique

The volume-averaged nodal pressure technique was introduced by Ortiz et. al for two-dimensional

incompressible elasticity problems in [75] and extended to three-dimensional incompressible
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elasticity problems in [76]. In this paper we refer to the more general implementation of the
volume-averaged nodal pressure technique in the Reissner-Mindlin problem as the local patch
projection (LPP) method.

The volume-averaged nodal pressure technique works by volume-averaging the pressure
across representative domains attached to each node. The representative domains are defined
by a triangulation of the nodes. This allows the pressure to be written in terms of the displace-
ment unknowns. The pressure can then be eliminated from the mixed problem, resulting in a
generalised displacement method.

The volume-averaged nodal pressure procedure has similarities with both nodal integration
methods and static condensation, but differs considerably in mathematical development and
implementation from both. The generalised displacement method that results is derived di-
rectly from the mixed weak form of the problem in a straightforward manner. Therefore the
link between the generalised displacement method and the underlying mixed method is im-
mediately clear, unlike in reduced integration or nodal integration type procedures.

Representative nodal volumes are derived directly from the Delaunay triangulation of the
nodal domain, meaning that there is no need to implement data structures to handle the Voronoi
diagram as in the SCNI method of Chen et. al [154].

The inf-sup condition is satisfied by the addition of extra bubble degrees of freedom at the
barycenters of the Delaunay triangulation of the nodal domain. Furthermore, the method has
been shown to be numerically inf-sup stable using the procedure proposed by Chapelle and
Bathe [162]. No analytical proof of inf-sup stability is currently available.

Because we will use an extension of this method in our development of a generalised displace-
ment meshless method for the Reissner-Mindlin plate model, in conjunction with the stabilised
weak form outlined in section 6.2.1, we will detail the mathematical development and compu-
tational implementation here. The presentation here differs from that in the original papers
of Ortiz et al. [75, 76] which in particular lack a detailed description of the computational

implementation of the procedure.

Mathematical overview

We begin with the discrete mixed nearly-incompressible elasticity problem in eq. (6.14). First
of all an initial node set is specified on the domain Q2 which we denote /N;’. Then a triangulation
T, of the node set /N;* is generated using any suitable mesh generation method. The position

of vertices of the triangulation T}, are therefore coincident with the node positions of the nodes
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— I

Figure 6.9: Illustration showing node set /N, and triangulation T, on a domain Q with bound-
ary I. The nodes in the initial node set /N, are shown with blue circles. The vertices
of the triangulation T}, are coincident with these nodes. The extra node set /N’ are
inserted at the barycenters of cells of the triangulation and are shown with green cir-
cles. The total node set /N, is the union of the initial node set /N, and the barycenter

nodes .7\[,}’.

in the node set N;. Based on the constructed triangulation 7, we then define an additional
set of nodes 2N;” which are located at the barycenter of each cell in the triangulation 7},. Using
this new node set we define the final node set /N, for the problem as the union of the original
node set N;® and the barycenter node set N:

Ny = N UN? (6.28)

We show this construction on an example domain Q in fig. 6.9.

We then introduce the following specific choices for the discretised spaces for the displace-
ments ‘U, and pressures P,. For the displacement space ‘U, we use maximum-entropy basis
functions ME on the final node set N;,, which includes the original node set and the barycenter

node set:
Uy, == [ME(Q; N;, p)I? (6.29)

where p is a vector containing the support radius associated with each node in Nj. For the
pressure space P, we use continuous first-order Lagrangian elements CG, on the triangulation
T, of the original node set /Nj;:

Py, := CG(Q; Tp) (6.30)

We show the degrees of freedom for the displacement and pressure approximation in fig. 6.10.
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Ouh

O Py

Figure 6.10: Illustration showing the degrees of freedom for the displacement space ‘U, (two
per filled circle) and for the pressure space P, (one per open circle)

Now we can write the approximation for the displacements u;, using the maximum-entropy

meshless basis functions ¢ associated with the nodes in the node set N, as:

N
w, (%) = Y, o
i=1

Uy

Uy

_ (Pl (Pz eee (PN 0 0 .ee 0 4 uXN 4

0 0o .. 0 ¢ Q2 ... PN uyl (631)

uyz

uyN
|2 0 u,
1o u
(puy Yy
=Qu YVxe

and the approximation for the pressures p;, using the first-order Lagrangian basis functions N;
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associated with the degrees of freedom at vertices of the triangulation 7T, as:

M
Pn = ZNi i
i=1

P1

=[Ny N, . N P2 (6:32)

Pm
=N,p YxeQ

The same spaces and thus basis functions are used for discretising the test spaces for the dis-

placements v € U}, and for the pressures g € Py
v=20, g=N, (6.33)

We can then substitute the basis functions defined above into the weak form of the incompress-

ible elasticity problem eq. (6.14) giving:

f B'DB dQ u + f B'mN, dQp = f DLf dO (6.342)
0 0 (0]

f N,m"B dQ u - Aif N,N,dQp=0 (6.34b)
0 0

e

where the B results from the small strain operator € acting upon the basis functions for the

displacements @, and is defined by:

_ o, .
dx, 0
B I9u,
=10 = (6.35)
8(pux a‘Puy
dx, ax,

The m vector converts the B matrix to the divergence operator:

m:[l 1 OJT (6.36)
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and the matrix D contains the material property y as:

2u 0 0
D=|0 2u 0 (6.37)
0 0 u

The volume-averaged pressure technique then develops directly from eq. (6.34b). We re-

write eq. (6.34b) equation for every row a as:

N M
D f N,m™By dQ u, — — ) f N,.N,, dQ p, =0 (6.38)
b=1"v Q )L (0]

e p=1

Performing row-sum in the pressure term leads to:

N M
Ef N,,m™B;, dQ u;, — /% E f N,, dQp,=0 (6.39)
b=1"v Q Q

€ g=1

This row-sum procedure is a equivalent to the diagonalisation of the matrix C, which is a nec-
essary procedure for the fast inversion of C™! in the static condensation procedure described
in section 6.4.1. The integral across the entire domain (2 is then restricted to the domain Q,

across the cells attached to the vertex associated with the nodal pressure degree of freedom p,:

N M
Ef N,,m"B, dQ u;, — 1 Z f N,, dQp, =0 (6.40)
b=1 Qa A' Qa

€ a=1

We show a typical pressure degree of freedom a and the associated integration domain 0, in
fig. 6.11. The final step is to re-arrange the previous equation giving the nodal pressure p, in

terms of the displacement unknowns u,:

N fQ N,,m"B;, dQ

.= A, - u (6.41)
P ; CNedo [

The above quantity in the curly brackets is the average of the discrete divergence operator m”B

across the cells attached to the particular node a.

Before continuing let's consider the form of eq. (6.41). The size of the nodal pressureisp, € R
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Figure 6.11: Illustration showing a pressure degree of freedom p, and the associated integration
domain Q, for the computation of the volume-averaged pressure

and the size of the nodal displacement vector u;, € IR*! and therefore the size of the quantity
in the curly brackets relating the two must be IR"2. We can therefore subsume the summation
over b into a vector q, € RN as:

Pa = qatt (6.42)

so we now have a relationship between the single pressure degree of freedom p, and the dis-
placement degrees of freedom in the vector u. Then it is convenient to express all of pressure

degrees of freedom p in terms of the displacement degrees of freedom vector u. To do this we

define a new matrix Q € RM*?N where the rows of the matrix Q are constructed from the row
vectors q,:
91
9>
p=Qu=|"|u (6.43)
qm
L p

With this expression we can then eliminate the pressure unknowns p from eq. (6.34a):
f B'DB dQ u + f B'mN,QdQ u = f DLf dO (6.44)
Q Q Q

resulting in a generalised displacement method. Looking at the second integral on the left-
hand side of eq. (6.44) we can see that the matrix Q is pre-multiplied by N, the finite element
basis functions associated with the pressure space P),. Therefore the volume-averaged pressures

which satisfy the incompressibility constraint in an average sense are interpolated using the
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finite element basis functions in the calculation of the bilinear form related to the volumetric
energy of the solid.

Before concluding this section we will define an operator which describes the above volume-
averaged nodal pressure procedure. This will be useful later when we will apply an identical
procedure to the Reissner-Mindlin problem. Because of the generality of the procedure we will

call the operator the local patch projection operator.

Definition 3 (Local patch projection operator). Let v, € ‘U, and w, € P, where ‘U, and
Py, with dim(‘U,,) = N and dim(P),) = M are a meshless space and a finite element space that
satisfy the inf-sup condition. The spaces are associated with degrees of freedom v and w and basis

functions ¢ and N respectively such that:
V= @V, w, = Nw (6.45)
Then the local patch projection operator IE(L[v,]) : ‘U, — Py, is defined by:
I,(LIv4]) = NQv (6.46)
where L[v,] is a differential operator and the matrix Q € R is:
-ql ;

Q=" (6.47)

..qM_

with each q,, being the volume-average of the differential operator L acting upon the basis functions

@ across the representative volume Q, attached to the degree of freedom w, defined by:

fQ N, L[] dQ

9. = (6.48)

fQ N, dQ

Using the above definition the volume-averaged nodal pressure technique is the specific case
of the local patch projection method with the following specific choice for the differential op-
erator L:

Llvy] = divy, (6.49)
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Computer implementation

We will now describe the computer implementation of the local patch projection procedure.
In the original papers by Ortiz et. al [75, 76] very little description of the computer implemen-
tation is given. In this description of the LPP procedure we will use the concrete terminology
of the nearly-incompressible elasticity problem with displacement u;, and pressure p;, as the
unknowns, but of course the procedure applies equally to the Reissner-Mindlin problem with
generalised displacements (6}, z3;,) and shear stresses y;, as the unknowns that we develop later.

The local patch projection procedure can be split down into three main steps:

1. The construction of the vector q, in eq. (6.48) for every pressure degree of freedom p,,.
This involves an integration across each domain 2, which is the union of the cells at-

tached to the vertex associated with the pressure degree of freedom p,.

2. Assembly of the large sparse matrix Q eq. (6.47) which relates the displacement degrees

of freedom to the nodal pressures.

3. The assembly of the stiffness matrix generated by the second integral on the left-hand side
of eq. (6.44). This involves an integration in the usual manner across the entire domain
Q. The volume-averaged pressure unknowns p = Qu are interpolated using the finite

element basis functions N, associated with the space P,

Before describing the algorithms for implementing this process we will describe the process
visually. In fig. 6.12 we show a series of figures a)-g) with the same example discretisation that
was developed in figs. 6.9 to 6.11. Five vertices have been labelled one through five. We are
interested in the construction of the stiffness matrix resulting from the interaction between the

displacement degrees of freedom located at vertices one and two which we denote Kj,:

KIZ = f B{DBZ dQ - B{m Z NCQCZ dQ (650)
0, Q, c=def

The domains 2, and 2, denote the two domains across which each integral is calculated, and
these two domains are different ie. Q; # Q,.

), is the intersection of the supports of the basis functions associated with the nodes at
vertices 1 and 2. In fig. 6.12a) we show the supports supp(¢;) and supp(¢,) as red circles

surrounding nodes 1 and 2. Therefore Q; = supp(¢;) N supp(¢,) is the darkly shaded red area
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supp(p2)

supp(¢1)

Ki> = [, BIDB2d0 — [, BIm Ty NeQio} dO2

f) Q32 PR "‘-~..s_l_1pp(472) g) Qss

.0 = supp(Ns) Nsupp(¢)

supp(¢s)

Figure 6.12: Illustration of the local patch projection procedure. See text for description of each
subfigure.
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in 6.12a). Thisis the "standard' integral domain in meshless methods relating to the intersecting
supports.

), is somewhat more complex due to the local patch-projection procedure. The support of
the term B] is supp(¢,), the same as before, but the support of the functions N, is of course
defined by the triangulation T}, just as in the finite element method. Q, is a particular entry of
the matrix Q.

In fig. 6.12b we choose a specific gauss point x, located at the black circle. At this point
the basis functions N,, N; and N, associated with the pressure degrees of freedom located at
vertices two, three and four are active. Therefore the contribution from the gauss point x, to

the second integral in eq. (6.50) reads:

Bl(x)m{ D] N.(x)Qu (6.51)

=234

In figs. 6.12¢, 6.12d and 6.12e we show the support of the basis functions N,, N5 and N, respec-
tively as coloured shaded areas. These shaded areas are also all shown together on fig. 6.12b.

The final term to consider in the second integral of eq. (6.50) is Q,, for ¢ = {2,3,4}. Re-
member that the Q is a matrix with rows relating to the pressure degrees of freedom and with
columns relating to the displacement degrees of freedom. For example, Q;, relates the third
node pressure degree of freedom to the second node displacement degree of freedom. In fig.
6.12f we consider the integration domain for the entry Qs,. The support of the pressure de-
gree of freedom supp(N;) is shaded light blue, whilst the support of the displacement degree of
freedom supp(¢,) is shaded light red. The integration domain ( is therefore the intersection
of these two supports Q = supp(N3) N supp(,).

We can conclude from the above that:

1. Inthe first integral of eq. (6.50) the interaction between displacement degrees of freedom

one and two is direct, as in the standard meshless method.

2. Inthe second integral of eq. (6.50) the interaction between displacement degrees of free-
dom one and two is indirect. The primary interaction is between displacement degree
of freedom one and the finite element basis N,. The interaction between displacement
degree of freedom one and two occurs is at a secondary level due to the matrix entries
Q. which relate the pressure degree of freedom c to the displacement degree of freedom

two.
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3. The assembled stiffness matrix resulting from the second integral of eq. (6.50) will have
higher bandwidth than that resulting from the first integral of eq. (6.50). This is be-
cause displacement degrees of freedom which do not interact with each other in the
first integral of eq. (6.50) may interact indirectly via the local patch-projection proce-
dure in the second integral. In fig. 6.12g we show an example of this; displacement
degrees of freedom one and five will not interact with each other in the first integral
because supp(¢;) N supp(¢s) = @. However, because displacement degree of free-
dom one interacts with pressure degree of freedom three supp(¢;) N supp(N;) # @
and pressure degree of freedom three interacts with displacement degree of freedom five

supp(N;) N supp(gs) # @ creating an entry Qss there will be a stiffness matrix entry Kjs.

We give numpy-like pseudo-code for the local-patch projection procedure in algorithms 6
and 7. These algorithms are implemented in the pymfl package for both the nearly-incompressible

elasticity problem and the Reissner-Mindlin problem.

Algorithm 6 Pseudo-code for assembling Q

Q = sparse matrix size: M by N
denominators = vector size: M by 1
for each vertex in mesh:
for each cell attached to vertex:
for each gauss point in cell:

N = finite element basis function associated \
with vertex evaluated at gauss point

W = gauss point weight

B = B matrix evaluated at gauss point

g

numerator = w*N*B
denominator = w*N
dofs = displacement dof numbers
Q[vertex, dofs] += numerator
denominators[vertex] += denominator

for each vertex in mesh:
Q[vertex, :] = denominators[vertex]*Q[vertex, :]

Verification

In this section we verify the correct implementation of the local patch-projection procedure

for the nearly-incompressible elasticity problem using the leaky-lid cavity problem. The cavity
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Algorithm 7 Pseudo-code for assembling K

K = sparse matrix size: N by N
for each cell in mesh:
for each gauss point in cell:
N = finite element basis functions evaluated at gauss
point
W = gauss point weight
B = B matrix evaluated at gauss point

U_dofs = displacement dof numbers

for vertex 1in cell:
K_contribution = w*B.T*m*N[vertex]*Q[vertex, :]

g_dofs = g dof numbers
K[U_dofs, g_dofs] += K_contribution

problem is the standard benchmark for testing the performance of discretisations of the nearly-
incompressible or Stokes' flow problem. This example was also used by Ortiz et al. in [76]. We
compare the local patch-projection method with the MINT element of Arnold etal. [163] which
we implement in the DOLFIN finite element package [127].

In fig. 6.13 we show the leaky-lid cavity flow problem. The domain has sides of unit-length,
and a unit tangential displacement is applied along the top surface. On all the other boundaries
displacement is fixed in both the x and y directions. Material properties are taken to be E = 1
and v = 0.4999. These properties match those found in [164].

In fig. 6.14 we compare the horizontal displacement u, fields for the LPP MaxEnt method
of Ortiz et al. [76] on an 11 X 11 grid of nodes + ‘bubble' nodes and the MINI element of
Arnold et al. [163]. We can see that the LPP MaxEnt method provides a significantly smoother
solution due to the high continuity of the MaxEnt basis functions. Crucially, it is clear that
the smoothness of the displacement solution is unaffected by the use of finite element basis
functions for the pressure space. We remark that if the LPP MaxEnt method was not free of the
volumetric-locking problem the results would not match at all for v = 0.4999.

In fig. 6.15 we compare the vertical displacement u,, fields for the LPP MaxEnt method and
the MINI element method. Again, we can see that the LPP MaxEnt method provides a signifi-
cantly smoother solution than the MINI element method.

To give a better indication of the relative accuracy of the LPP MaxEnt method we plot the
vertical displacement field u, in fig. 6.16 extracted across the line QQ (see fig. 6.13). In addition
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uy =1u;, =0

X
ux:uy:O

Figure 6.13: Leaky lid cavity problem. Unit horizontal displacement u, = 1, u, = 0 is applied
to the top side, all other sides fixed u, = u, = 0.

u

Eo.75

EO.S éO. 5
é0.25 é0.25
0 0
-0.205614 -0.205614
(a) LPP MaxEnt 11 X 11 grid + ‘bubble' nodes (b) MINI element 10 X 10 mesh

Figure 6.14: Horizontal displacement u, for leaky-lid cavity flow problem with LPP Maxent and
MINI methods.
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u u
4636523 4636523
0.4 0.4
Eo.z Eo.z
E-0.2 5_0.2
0.4 0.4
-0.550139 -0.550139
(a) LPP MaxEnt 11 X 11 grid + ‘bubble' nodes (b) MINI element 10 X 10 mesh

Figure 6.15: Vertical displacement u, for leaky-lid cavity flow problem with LPP Maxent and
MINI methods.

to the LPP MaxEnt method on the coarse grid 11 X 11 we include results for the MINI element
method on a very fine mesh 30 X 30 to act as a converged "reference' solution. Whilst all three
methods perform well it is clear that the LPP MaxEnt method on the coarse grid can match the
performance of the MINI element on the very fine mesh. In fig. 6.17 we plot the horizontal dis-
placement u, across the line PP (see fig. 6.13). Here the difference between the three solutions
is less pronounced but the LPP MaxEnt method on the coarse grid still outperforms the MINI
element on the coarse mesh. We note that the MINI element on the fine mesh results in a linear
system with 6843 degrees of freedom whilst the LPP MaxEnt method on the coarse mesh has
only 642 degrees of freedom.

In summary the LPP MaxEnt method is an effective way of solving the volumetric-locking
problem. Excellent performance can be achieved with relatively low numbers of degrees of free-
dom when compared with the MINI finite element method. More results for the LPP MaxEnt
method are given in Ortiz et. al [75, 76].

6.5 Meshless discretisation

We will now develop the meshless discretisation of the stabilised discrete Reissner-Mindlin
problem eq. (6.10) using the local patch projection procedure in definition 3. Much of the
notation that was introduced for the volume-averaged pressure procedure will be re-used here.

We repeat the stabilised discrete Reissner-Mindlin problem here for convenience:
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0.20 T T T T
—— LPP MaxEnt 11 x 11

— MINI 10 x 10
MINTI 30 x 30

0.15 |

0.10

0.05
0.00
—0.05
—0.10

—0.15

~0.20 : : : :
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6.16: Vertical displacement u, across line QQ.

1.2 T T T T
—— LPP MaxEnt 11 x 11
LOH —— MINI 10 x 10
0.8 L= = MINI30x30 |

0.0 0.2 0.4 0.6 0.8 1.0

Figure 6.17: Horizontal displacement u, across line PP.
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Problem 19 (Discrete stabilised mixed scaled Reissner-Mindlin problem). Find the transverse
deflection, rotations and transverse shear stresses (z3, 0), yh) € (Vi Ry, Sp) such that for all

(y31 n, t//) € (VSh/ R’hz Sh)-'

ap(0, 1) + Aaay(By, 2351, y3) + (¥, Vys = 2o, = 803) (6.52a)

12

(Vzsn = 0, ¥) 120, — m()’h, V)12, =0 (6.52b)

We use the same node set construction with standard and ‘bubble' nodes N, = .’]\fhb UN;
and triangulation of the standard node set '}, as for the incompressible elasticity problem. We
then introduce the following similar specific choices of maximum-entropy basis functions for

the rotation and displacement variables:
Ry, 1= [ME(Qo; Ny, )V, Vi = ME(Qo; N, p) (6.53)
and continuous Lagrangian finite elements of first order for the shear stress variable:
S = [CG(Qy; TW)I? (6.54)

We then use the definition of the local patch-projection operator in definition 3 with the fol-

lowing specific choices:

Uy =Ry x Vy, (6.552)
Py:= Sy (6.55b)
L[zh, 6,] := Vz3, - 6, (6.55¢)

Using this patch projection operator, which for the Reissner-Mindlin problem takes the form:
]TZ . R’h X V?vh - Sh (656)

we can re-arrange eq. (6.52b) to give an expression for the shear stress variable y;, in terms of

the rotations and transverse displacements:

M1 — af?
Yh = %Hi(v%h -0, (6.57)
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Substituting back into eq. (6.52a) to eliminate the shear stress variable gives:

M1 — af?
a0, 1) + 108, 25m,3) + NN (V2 0,y - ey = s02) (639

We will now develop the discrete equations. We can write the trial functions using the basis

functions defined for the transverse displacements, rotations and shear stresses as:

231
Al Z32
Z3n(x) = Z Piz3; = [901 @2 . GDN] .
i=1 : (6.592)
Z3N
=@ 2z Vxel
N
0,(x) = X, 96,
i=1
01
01>
:[q)l ¢ .. oy 0 0 .. O]4 QIN}
0,
O

_[% 0 ]]0
0 . 0,

(Dg@ Vx € QO
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M
Yh = ENiYi
i=1
Y131
Y132
N1 N2 NM 0 0 )/13M [ (659C)
= <
0 0 O Nl N2 NM )/231
Y232
Y23 M
=N,y Yxe€Q,

We define our trial functions using the same basis as the test functions:
Vi =@, n, = D, v, =N, (6.60)

allowing us to re-write eq. (6.58) as:

B/D,B, dQ 0 + A« f BB, dO 0 +
Q, Q, 23
(6.61)
— 2
Mf BIN,Q dO OL_ [ 4. g0
2 0, z 0, 3

where the B, € R**N and B, € R¥*N are matrices containing component-wise derivatives of

the shape function vectors:

a 0
dx,
)
B,=[0 3= (6.62)
a Po
ax, dx,
de
_(Pe 0 8 z3
B, = * 3;‘; (6.63)
0 9,
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D, € R¥® is the matrix containing the bending material properties of the plate:

1 v O
D,=D|v 1 0 (6.64)
0 0 v

2

The Q € R*N matrix is generated by the local patch-projection procedure outlined in defi-

nition 3. More specifically, the matrix Q is:

o
Q=" (6.65)

..qM_

where the individual entries q, € R are now matrices instead of vectors defined by the

following equation:
fQ N,B, dQ

qa (6.66)

[ Ndo

The division by an integral of a matrix looks a little peculiar in this extension of the local-patch
projection to the shear-stress which is a vectorial quantity. To make the exact mathematics

clear, we re-write the above equation as:

-1
qa:[ f N, dQ] f N,B, d0 (6.67)
Q, Q,

The matrix fQ N, dQ € R**? will be diagonal so its inverse is simply the inverse of each diag-

onal entry. We have implemented the above formulation into the pymfl package.

6.6 Results

In this section we examine two test problems, a simply-supported plate with uniform pressure
which we studied in the previous chapter, and a new problem we refer to as the Chinosi clamped
plate problem. This problem has a special load function which gives closed form polynomial

displacement solutions.
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Figure 6.18: Graph showing for a fixed discretisation of 8 X 8 grid + bubble' nodes The LPP
MaxEnt method's performance is largely insensitive to changing values of 7 and is
therefore free from the effects of shear-locking. LPP MaxEnt method for simply-
supported plate problem. Note: Series for e;2(6;) and e (6;) coincide.

6.6.1 Simply supported plate with uniform pressure

We examine the convergence of a simply supported plate with uniform pressure. This is the
same problem we used to examine the performance of the MaxEnt + NED scheme in section 5.3.
The boundary conditions are shown in fig. 5.5a.

We begin by examining whether the scheme is indeed free from the negative effects of shear-
locking. It is also important that for a given discretisation the performance of the method
for varying thickness parameter « is broadly similar; if we have to choose a particular « for a
particular f then clearly we do not have a reliable method. To determine this we take a fixed
discretisation with 8 divisions (ie. 9 nodes per side) and set « = 32.0. We then examine the
convergence of the method by varying  over the range 10™* < < 107!. The results are shown
in fig. 6.18. We can see that the errors ey (z;), ;2(8,) and ez (0,) are insensitive to changing
t. There is a very minor deterioration in performance in the error ey (z;) for ¥ > 1072, This
deterioration is the same as that for the TRIAo0220 element when f > hg. A similar modification
to eq. (6.12) can be made for the proposed LPP MaxEnt formulation which essentially turns off
the mixed formulation at a certain point when it is no longer required (results not shown). This
improves the performance for thick plates. We conclude that as the convergence for fixed « is

largely independent of the thickness we can perform further studies using one value of 7 only.
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We know from our experiments with the TRIAo220 finite element method that choosing «
to be constant does not give the optimal rate of convergence for increasingly fine discretisa-
tions. Furthermore we know that as @ — 0 the convergence deteriorates as we recover the
fully mixed formulation, which suffers from spurious modes. Conversely as « — 72 the con-
vergence deteriorates due to the shear-locking problem. Thus an optimal value of « depends
on some characteristic discretisation length and lies somewhere inbetween these two extreme
points 0 < a < 772,

To examine the effect of « on the performance of the method we perform a sensitivity study
on the convergence behaviour of the method against the stabilisation parameter and discreti-
sation size. The methodology is as follows; we take a sequence of uniform discretisations with
degrees of freedom varying between 2.2 < log(dim U) < 3.7 and run for each discretisation a
set of simulations with the stabilisation parameter varying between —2 < log(«) < 4, resulting
in 65 individual simulations. The plate thickness is kept fixed at = 1073.

Before discussing the results we give a description of the presentation of the sensitivity study
in fig. 6.19. Along the x-axis is the number of degrees of freedom log(dim U) and along the
y-axis is the stabilisation parameter log(«) and in this case along the z-axis (contours) is the
L? error in the transverse displacement z; log(e;2(z3)). Dark red areas show areas of poor con-
vergence ranging through to dark blue areas which show good convergence. Each gradation
in colour between these two extreme points represents half an order of magnitude of conver-
gence. The small black circles represent a data point from one of the 65 individual experiments.
Between these data points the results are interpolated using the matplotlib Delaunay triangu-
lation module. Between each data point for a discretisation series (lines of data points parallel
with y-axis) there is half an order of magnitude difference for the stabilisation parameter a.

In fig. 6.19 we show the sensitivity study for the L? error in the transverse displacements z;.
Roughly speaking, for each discretisation series (lines of data points parallel with y-axis) we can
see that there if « is selected as being either too small or too large the method fails to converge
due to the occurrence of spurious modes or shear-locking, respectively. If we were to keep o
fixed (lines parallel with x-axis) whilst refining the discretisation we would not remain near the
optimal convergence line. The optimal choice of « is then set by the optimal convergence line
which passes through the lowest point of error for each discretisation series.

For each discretisation series there seems to be around an order of magnitude leeway for the
selection of a good a. For example, for the third discretisation series with log(dim U) = 2.8 we
can achieve convergence in the range —3.0 < log(e;2(z3) < —3.5 using 1 < log() < 2.3. This is

encouraging in that it suggests that the convergence of the proposed method is not so sensitive
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Figure 6.19: Contour plot showing sensitivity of e;2(z;) with respect to stabilisation parameter
« and number of degrees of freedom dim(U). Simply-supported plate problem.
LPP MaxEnt.

to the choice of « that it will be impossible to come up with a reliable scheme.

We recall that as 0 < & < 2 and that the dimensionally consistent choice is then a measure
of the local discretisation length to the power of minus two. We take the support radius as the
natural measurement of the local discretisation length and for all of the simulations we take
p = const. In fig. 6.19 we plot the values p = const for each discretisation series as red circles
and then join these points together with a red line. We can see the choice of « ~ 1/p? tracks the
optimal convergence line reasonably well, suggesting that like the finite element method, the
dimensionally consistent choice based on the local discretisation length is a sound one.

Of course, we have only examined the sensitivity of the L? error in the transverse displace-
ment variable z;, which does not alone demonstrate that we have a good scheme with « ~ p~2.
We will now examine the sensitivity of the other error measures. In all of the following sensitiv-
ity studies the x-axis and y-axis ranges are the same as in fig. 6.19. The red line showing a ~ 1/p?
remains providing a point of reference for comparison. The colours have been re-scaled, but
each gradation in colour still represents a half-order of magnitude of convergence.

In fig. 6.20 we show the sensitivity study for the H! error in the transverse displacements z;.
We can see that the optimal convergence line now sits roughly one-half order of magnitude

above the red reference line. However, the red reference line still manages to match the best
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Figure 6.20: Contour plot showing sensitivity of ez (z;) with respect to stabilisation parameter
« and number of degrees of freedom dim(U). Simply-supported plate problem.
LPP MaxEnt.

error for a given discretisation series within one-half order of magnitude, except for the coarsest
discretisation series. The leeway for selecting a good & in the ez (z;) error measure seems wider
than that for the e;2(z;) error measure.

In fig. 6.21 we show the sensitivity study for the L? error in the rotation variable ;. The opti-
mal convergence line matches well with the red reference line. The red reference line manages
to match the best error for a given discretisation within one-half order of magnitude for all dis-
cretisation series. Again, the leeway for selecting a good « in the ey (6,) error measure seems
wider than that for the e;2(z;) error measure.

In fig. 6.22 we show the sensitivity study for the H! error in the rotation variable 6,. Here
we can see that the optimal convergence line lies in the range —1.5 < ez (6,) < —2.0 for every
convergence series, meaning that we do not achieve lower convergence as the discretisation is
refined. Consequently, it is easy to see from this sensitivity study that it is impossible to achieve
convergence in the H! norm for the rotation variable with any fixed choice of a.

Now that we have ascertained that « ~ p~2 is a roughly optimal choice (except, of course, in
the error measure ey (6,)) we perform a traditional convergence study using a ~ p~2. We show
the results in fig. 6.23. We can see that we achieve convergence for the transverse displacement

variable z; in both the L? and H' norm. However, for the rotation variable 6 we achieve a
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Figure 6.21: Contour plot showing sensitivity of e;2(6,) with respect to stabilisation parameter
a and number of degrees of freedom dim(U). Simply-supported plate problem.
LPP MaxEnt.
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Figure 6.22: Contour plot showing sensitivity of e, (6;) with respect to stabilisation parameter
a and number of degrees of freedom dim(U). Simply-supported plate problem.
LPP MaxEnt.
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Figure 6.23: Plot showing convergence of proposed LPP MaxEnt method for simply-supported
plate problem.

significantly reduced rate of convergence in the L? norm, and almost no convergence in the
H! norm. This negative result confirms the results shown in the sensitivity study fig. 6.22. We
have not found any of the finite element designs discussed previously to exhibit this lack of

convergence.

In figs. 6.24 and 6.25 we show plots of the transverse displacement and rotation for a thick
plate f = 0.1 using the LPP MaxEnt method on a 10X 10 grid of nodes + ‘bubble' nodes. We can
see that we retain the high continuity solution typical of meshless basis functions despite using
an underlying mesh to discretise the shear stresses. The central displacement of the plate is
given as z3;(0.5,0.5) = 4.2727x107¢ which closely matches the analytical solution z;(0.5,0.5) =
4.2728 X 107,

In figs. 6.26 and 6.27 we show plots of the transverse displacement and rotation for a thin
plate £ = 0.001 using the LPP MaxEnt method on a 10 X 10 grid of nodes + ‘bubble' nodes.
Again, we can see that we retain the high continuity solution typical of meshless basis functions
despite using an underlying mesh to discretise the shear stresses. The central displacement of
the plate is given as z3,(0.5, 0.5) = 4.0624 X 1076 which closely matches the analytical solution
23(0.5,0.5) = 4.06237 X 10°S.
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Figure 6.24: Plot of z3;,, LPP MaxEnt method. 10 X 10 grid + "bubble’ nodes, simply-supported
plate, 7 = 0.1.
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Figure 6.25: Plot of 0, LPP MaxEnt method. 10 X 10 grid + ‘bubble’ nodes, simply-supported
plate, f = 0.1.
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Figure 6.26: Plot of z3;,, LPP MaxEnt method. 10 X 10 grid + "bubble’ nodes, simply-supported
plate, f = 0.001.
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Figure 6.27: Plot of 0, LPP MaxEnt method. 10 X 10 grid + ‘bubble’ nodes, simply-supported
plate, # = 0.001.

217



6 Generalised displacement meshless methods for the shear-deformable plate problem

6.6.2 Chinosi fully clamped square plate

To make sure that there is not a specific issue with simulating the SSSS plate problem with the
proposed LPP MaxEnt method we will now examine the Chinosi plate problem. This problem
is set on a square domain with hard clamped boundary conditions and the following transverse

loading function:

[12x,(x; — 1)(5x7 — 5x; + 1)(2x5(x, — 1)?

floxy, %) = 20—

+ x1(, = 1)(5x5 — 5x, + 1)) (6.68)
+ 12x,(x; — 1)(5x5 — 5x, + 1)(2x3(x; — 1)?
+x,(x, = 1)(5x7 = 5x; + 1))]

giving the following closed-form analytical solutions:

0, (x1, %) = x3(x; — 1)°x7(x; — 1)*(2x; — 1) (6.692)
02(x1, X%2) = X3 (%1 = 1)°55(x, — 1)°(2x, — 1) (6.69b)
7, 3) = 33100~ 1500 — 1)’
- z—tz[xz(xz —1)%x;(; — 1)(5x3 — 5x; + 1) (6.69¢)
5(1-v)

+x7(x; = 1)°x, (6, = 1)(5x3 — 5x, + 1)]

In figs. 6.28 and 6.29 we show the plots of the transverse displacement and rotation for a thin
plate f = 0.001. The central displacement of the plate is given as z3,(0.5,0.5) = 8.1242 X 10~
which closely matches the analytical solution z;(0.5,0.5) = 8.1381 X 10~°.

In fig. 6.30 we show the convergence behaviour for the proposed LPP MaxEnt method for
the Chinosi problem. The trends are the same as for the simply-supported plate, namely that
we do not achieve convergence in the H' norm for the rotation variable. We conclude that this

is a general issue with the proposed LPP MaxEnt method in its current form.

6.7 Evaluation

In this section we will evaluate the results obtained with the proposed LPP MaxEnt method

using the behaviour of the TRIAo0220 finite element discussed in section 6.3 as a basis for com-
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Figure 6.28: Plot of z3;,, LPP MaxEnt method. 10 X 10 grid + "bubble' nodes, Chinosi clamped
plate, £ = 0.001.
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Figure 6.29: Plot of 6, LPP MaxEnt method. 10 X 10 grid + "bubble' nodes, Chinosi clamped
plate, f = 0.001.
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Figure 6.30: Plot showing convergence of proposed LPP MaxEnt method for Chinosi clamped
plate problem. Note: The convergence rates calculations exclude the first data point
of each series.

parison. We will then attempt to narrow down the cause of the failure to converge in the H!
norm for the rotation variable 6.

On page 183 we gave a list of conclusions for the numerical experiments performed with
the TRIAo220 element. The following conclusions, which we draw from the numerical experi-
ments performed with the LPP MaxEnt method, differ in some notable ways with those for the

TRIAo220 finite element scheme:

1. If ais too small, the coercivity of the discrete bilinear form is lost, and the convergence of
both z; and 6 deteriorates. In contrast, for the TRIA0220 scheme only the convergence

of z; deteriorates if « is too small.

2. Ifaistoolarge, the formulation suffers from the shear-locking effect, and the convergence

of both z; and 0 deteriorates. This is identical to the behaviour of the TRIA0220 scheme.

3. Convergence is achieved over a large range of «, similarly to the TRIAo220 scheme, ex-

cept of course in the H! norm for the rotation variable.

4. For optimal convergence, the parameter « must be based upon the local discretisation
size. The choice of &« ~ O(p~2) seems roughly optimal, which is the dimensionally consis-
tent choice. However, convergence cannot be achieved using any fixed « for the rotation

variable in the H! norm.
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Figure 6.31: Plot showing convergence of unprojected MaxEnt method for the simply-
supported plate problem.

The main difference between the performance of the LPP MaxEnt method and TRIAo0220 is
therefore the convergence behaviour of the rotation variable 6. For the LPP Maxent method
the loss of coercivity of the discrete bilinear form negatively effects the convergence of both z;
and 0, rather than just z; for TRIAo220. Furthermore, the rate of convergence of 6 in the L?
norm is reduced over the rate of convergence of z; in the L? norm, with p = —0.56 vs p = —1.45.
With such a low rate of convergence in the L? norm it is perhaps no surprise that convergence
cannot be achieved in the H! norm.

The question then arises, which aspect of the method is causing the poor convergence per-
formance in the rotation variable? We postulate that the LPP procedure could be causing the
deteriorated convergence perhaps due to the mass-lumping procedure, which is a variational
‘crime’ [165]. To test this we perform simulations without using the LPP procedure. We solve
eq. (6.52) using the same choices for the displacements V,, and R, as in eq. (6.53) and shear
stresses S, as in eq. (6.54). This results in a full saddle point system with explicit solution of the
shear stress unknowns y. We show the convergence of the method without the LPP procedure
for the SSSS plate problem in fig. 6.31. We can see that even without the LPP procedure the
rotation variable still fails to converge in the H! norm. Therefore we can rule out the possibility
that the LPP procedure is causing the problem.

We have also done a variety of numerical experiments with the MINI1 element. The design
of the MINI1 element is shown in fig. 6.2. The MINI1 element is similar to our LPP Max-
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Ent method in that it uses first-order complete basis functions for all problem unknowns dis-
placements, rotations and shear stresses. The inf-sup condition is satisfied using an additional
bubble function in the transverse displacement space whilst in the LPP MaxEnt we use an ad-
ditional meshless node inserted at the barycenter of each cell. The kernel coercivity condition
is guaranteed using the stabilised mixed weak form, similarly to our method. In our numerical
experiments we have not encountered any issues with achieving convergence using the MINI1
element in any relevant norm and variable (results not shown).

We conclude this section by stating that there is a clearly an issue when using a meshless
basis function together with this particular stabilisation approach. Our sensitivity studies have
shown that it is impossible to achieve convergence in the H! norm for the rotation variable 6
using a fixed value of « on a uniform discretisation. By performing numerical experiments
using the un-projected stabilised system we have ruled out the LPP procedure as the potential
cause of the problem. Furthermore numerical experiments performed using the MINI1 finite
element design demonstrate that it is possible to use first-order basis functions and still achieve
convergence. It seems that other methods are required to ensure the kernel coercive condition

is met in meshless methods. We will discuss ongoing work towards this in the next section.

6.8 Conclusions

In this chapter we have explored the possibility of developing a generalised mixed method for
the Reissner-Mindlin plate problem using a stabilised mixed weak form. The stabilised mixed
weak form has been used to ensure the kernel coercivity condition is satisfied automatically.
This change opens up previously unavailable discretisation designs that are more suited to the
Stokes problem than the Reissner-Mindlin problem.

To develop the proposed method we generalised the volume-averaged nodal displacement
procedure of Ortiz et al. to the Reissner-Mindlin problem. We gave the volume-averaged
nodal displacement procedure a more general mathematical framework and we call the re-
sulting method the local patch-projection procedure. We have given a full mathematical and
algorithmic overview of the construction of the LPP method and verified the correct imple-
mentation using the leaky-lid cavity flow problem as a benchmark.

In numerical testing of the proposed LPP MaxEnt method we have achieved convergence in
the L? and H! norms for the transverse displacement variable z; and in the L? norm for the rota-

tions 0. However, we have failed to achieve convergence in the H! norm of the rotation variable.
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By examining the MINI1 finite element method we have ruled out the cause being the use of
only first-order complete basis functions. Furthermore we have eliminated the cause being the
LPP procedure by numerical experiments with the unprojected mixed system. Therefore we
conclude that the probable cause of this convergence failure is an incompatibility between the
use of the meshless basis functions and the proposed stabilisation procedure.

We believe the way forward is to design a generalised displacement method that naturally
satisfies the discrete kernel coercivity condition without the addition of stabilisation. In our
collaboration with A. Ortiz at the Universidad de Chile we have been examining the applica-
tion of the LPP method to incompressible hyperelastic problems. The discrete linearised prob-
lem for each solution step of the non-linear incompressible hyper-elasticity problem also does
not uniformly satisfy the kernel coercivity condition [166]. We believe that new insight into
this problem will help us re-examine the kernel coercivity issue in the proposed LPP MaxEnt
method for the Reissner-Mindlin plate problem leading to an improved generalised displace-

ment method.
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7 Conclusions and future work

7.1 Introduction

In this final chapter we provide conclusions along with recommendations for possible direc-
tions for future work. These conclusions are based upon the meshless numerical techniques

developed in chapters 4 to 6 of this thesis.

7.2 General conclusions

The main objective of the research presented in this thesis was the development of novel mesh-
less numerical methods for the simulation of shear-deformable beam and plate structures that
are free from the adverse effects of shear-locking. The approach taken, for the first time in a
meshless framework, has been to move from the displacement weak form to the mixed weak
form where the shear stresses are treated as an independent variational quantity in the weak
form. Numerous authors have demonstrated in the finite element literature that this approach
produces the most robust and general techniques.

In chapter 4 we presented a new method for the Timoshenko beam problem based upon a
mixed variational form. We approximate the shear stresses on an underlying mesh. In the case
of the ME — DG, method using scheme D1 (see fig. 4.2(a)) we demonstrate that the proposed
method converges to the well-known CG, —DG,, Timoshenko beam finite element in the local or
Delaunay limit. The CG, — DG, finite element is uniformly LBB stable. Because no transform
is used between the reference and global elements of the underlying mesh the robustness of
the meshless approximation field is retained, and the implementation of the method is greatly
simplified and computational time will be reduced over using two meshless basis functions.
Our method achieves convergence rates of p ~ —2.5 in the L? norm using first-order consistent
Maximum-Entropy basis functions for the clamped-clamped beam problem. This compares
well with the SCNI method of Wang and Chen who achieve a convergence rate of p ~ —2.8

but using a second-order consistent basis function. Recently we have extended local patch-
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projection technique presented in chapter 6 to the scheme D1 presented in chapter 4, resulting
in a generalised displacement method for the Timoshenko beam problem. This work will be
presented in an upcoming journal paper.

In chapter 5 we presented a new method for the Reissner-Mindlin plate problem based upon
a mixed variational form. We identify the correct function space setting for the shear stresses
as the Sobolev space of functions with square integrable rotation. We use rotated Raviart-
Thomas-Nédélec elements to discretise the shear-stresses along with maximum-entropy ba-
sis functions to discretise the displacements. This technique has close similarities to the well
known mixed interpolation of tensorial component (MITC) family of finite elements. We
present various standard benchmark problems that demonstrate the shear-locking free nature
of the proposed method.

In chapter 6 we explored the use of a stabilised mixed weak form of the Reissner-Mindlin
problem to construct a generalised displacement meshless method that is free from shear-
locking. The use of stabilisation is a necessary step to ensure that the kernel coercivity condition
is uniformly satisfied and allows the adaptation of numerical methods originally intended for
the solution of the Stokes problem. Generalised displacement methods are a class of numer-
ical methods that whilst being based upon an underlying mixed formulation are expressed in
terms of the original displacement unknowns only. We implement the inf-sup stable volume-
averaged pressure technique originally proposed by Ortiz et al. [75, 76]. We develop a gener-
alisation of this technique which we call the local patch-projection (LPP) technique and apply
our formalised version to eliminate the shear stresses from the stabilised mixed weak form.
The resulting linear problem is expressed in terms of the displacement unknowns only. We
present various standard benchmark problems which show that whilst the proposed LPP Max-
Ent method is free from shear-locking and converges in the L? norm for the transverse dis-
placement and rotation variables and the H' norm for the transverse displacement variable, we
fail to obtain convergence in the H' norm for the rotations. Sensitivity studies show that it is
not possible to achieve convergence for any constant choice of the stabilisation parameter on a
fixed and uniform grid of meshless nodes. By examining the unprojected (fully mixed) system
we eliminate the LPP procedure being the cause of the problem. By examining the MINI1 finite
element design we rule out the use of the first-order consistent basis function being the prob-
lem. We therefore conclude that the likely cause of convergence failure is an incompatibility
between the use of this stabilised mixed weak form and the use of meshless basis functions.

We take this moment to emphasise that some authors working in the field of meshless meth-

ods for the thin-structural theories have often failed to show all relevant convergence results.
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Some authors have only reported pointwise-type convergence results, for example, the dis-
placement at the centre of a clamped plate, or a comparison across a line with a super-imposed
analytical solution. Such graphs can be misleading in implying convergence when infact there
is sub-optimal convergence or no convergence at all. They give little indication for how con-
vergence changes with respect to the small parameter. In this regard we consider the testing
methodology in this thesis to be of a higher standard than that typically found in the meshless
literature and we would encourage other authors to test using a similar methodology to fully

expose any shortcomings in the methods that they propose.

7.3 Future work

The work presented in this thesis might be extended in the following ways. These extensions are
ordered from the relatively achievable through to more long-term developments which would

constitute significantly new areas of research.

1. Solve the outstanding issue relating to the stabilised mixed weak form and the use of
meshless basis functions. In collaboration with Dr. A Ortiz we are currently investi-
gating the kernel coercivity problem in the incompressible hyper-elasticity problem and
we believe that the outcomes of this work could help solve the kernel coercivity issue in
the current LPP MaxEnt method for the Reissner-Mindlin plate problem, resulting in a

method without the current issues.

2. Extend the definition of the local patch-projection operator to allow the use of meshless
basis functions for the auxiliary (pressure or stress) variable function space. It would
be interesting to see whether the additional computational expense of using a meshless
basis leads to any appreciable improvement in accuracy over the cheaper mesh-based

procedures used in this thesis.

3. Extend the improved LPP MaxEnt method to the shell problem. This will involve the
application of two projections resulting in a method that is free from the effects of both

shear-locking and membrane-locking.

4. Explore the possibility of approximating the shell mid-surface using meshless shape func-
tions. Because of their high continuity meshless basis functions are an ideal candidate for

approximating the shell mid-surface from a smooth CAD geometry. Mesh-based tech-
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niques can struggle with this. This could be an interesting cross disciplinary project with

academics working in the field of computational geometry.

. Develop analytical tools for to examine the stability of meshless methods based on mixed

weak forms. Whilst we have used the kernel coercivity and LBB conditions as general
guidelines for the design of the mixed meshless methods in this thesis, it would certainly
be more satisfying to have a direct analytical proof that the methods are stable. To our
knowledge there is currently no work on extending well-known analytical methods such

as the macro-element technique from finite element to meshless methods.

Explore the development of enriched mixed and generalised displacement partition of
unity methods. Because of the generality of the mixed approach used in this thesis it
is a promising strategy for the development of new methods that are free from lock-
ing and use more complex basis functions and enrichments. For example, a family of
enriched MITC finite elements with modified reduction operators to eliminate shear-

locking would be a significant advance in finite element technology.
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