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Infinite domain problems

i m“laluj i
b;fyv “@J .,) )1
: g&iﬂ;ﬂl lﬂilom !

Elements are only used on the two internal
boundaries in this wave problem
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Introduction
Reciprocal For the purposes of this lecture we will start by stating

theorem

the reciprocal theorem from a structural mechanics
Fundamental Vi eWpOi nt .

solutions

romion 9| The notes contain a fuller description with greater
mathematical rigour. The reciprocal theorem is
romaary Element | developed from a weighted residual expression.

Re-analysis and

Interactivity We will confine ourselves to the collocation BEM.
There is a popular Galerkin form of BEM too.

Demonstration

Enrichment
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Reciprocal theorem

O

Volume Q

Surface I

Real load case:

Tractions: t;
Displacements: u;
Body forces: b;

O
Volume Q
Surface I’

Complementary load case:

Tractions: 1
Displacements: u’
Body forces: b;
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Reciprocal theorem

Form statements of work done by force x displacement
force x displacement

Fudl+ | bjudQ = | utdlr + | ufb,dQ
r Q r Q |

Integrate surface tractions over the surface I

Integrate body forces over the volume Q

This is the reciprocal theorem due to Maxwell and Betti.
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Reciprocal theorem statement:

Introduction

Reciprocal [ tiu;dl + / b u;dS) = / w, t;dl’ + / w; b; dQ}
theorem b L L z
L2 ]__| Q v ]._| Q

Fundamental
solutions o
In order to reduce to boundary-only, we need to eliminate

A the two volume integrals.
e @ We will simplify the development for this lecture by

stipulating no body forces in the real load case, i.e.
Re-analysis and b - O
Interactivity /A

@ We will address the volume integral on the LHS by
appropriate choice of a complementary load case

Demonstration

Enrichment
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Complementary load case *: Dirac delta function point
load in one of the coordinate
directions at some point &

Introduction

Reciprocal
theorem

Fundamental
solutions
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Boundary Element P Ol nt é:
Method
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Fundamental solutions

Properties of Dirac
delta function:

Ax= 9

| |

ra-0-{ %
b
A(x—§&)dr =1,
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So the displacement field in the complementary load case,
Introduction u”, is the solution to the equilibrium equation:

™ dijj T A(x—§)ei(r) =0

Fundamental
solutions

Boundary Integral
Equation

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment
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So the displacement field in the complementary load case,
Introduction u”, is the solution to the equilibrium equation:

Reciprocal O-lj-j —|— A (I — 15) EL(I) — 0'

theorem

Fundamental It turns out that the solution is:
Boundary Integral 'H-;: — ["T*:r'. EEE
Equation

Boundary Element W h ere

Method
1 1
-analysis an E’ri s ; 3—4dr)l — 5?‘. . il
ﬁﬁerac%ity ¢ : Sﬁ,u- (l — i'z") |:( UJ " (T‘) Oik + " rﬂ!l] (2D)
Demonstration _ 1 5 o
U = (3 —4v)0i + 77 k] (3D)

167mp (1 —v)r

Enrichment
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So the displacement field 5
introduction u*, is the solution to the e O )
e Tijg T A
Fundamental It turns out that the solutig
Boundary Integral H-.: — I:;- EE L
Equation

Boundary Element W h ere

Method
1 1
e-analysis an Ui = - —~ - (3 —4v)In | — | 0 + 77 2D
;Zterac#:/ity ¢ : ?_';TT}‘.J.’- LJ_ — L"J |:L J (?) : i 'FL] ( )
Demonstration I l
Uik = ——— — (3 —4v) 05 + 77 1
Enrichment ¢ lbﬂf.f Ll — L"J T [{ ) kTt ' ‘FL] (3D)




20
W Durham

University

ACME School
4th April 2011

Introduction

Reciprocal
theorem

Fundamental
solutions

Boundary Integral
Equation

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment

Fundamental solutions

Displacement fundamental solutions:

1 1
T = 3 —4v)l — | O + 7T R
U, S [( V) In (’r‘) Oir. + 7. T,h] (2D)
Uik = ! (3 —4v)oi, + 747 4]
Yake — 16?}'_{- (l _ L"J r ( ik a2l Lk (3D)

Differentiate and apply Hooke’s Law to arrive at the
corresponding traction fundamental solutions:

—1 1 — 2v
P pe _-'. ",il 2..5.. i oot — T T 2D
Toe = =y, (0= 200w+ 2l + == (ram =) (2D)
: —1 ) a ) 1 — 2w
T = gy rato (1= 200+ 3rr sl g (s — ) (3D)
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Physical significance:

Fundamental solutions provide the displacement and
traction fields, in an infinite material, due to a Dirac point
Reciprocal fo rce at 5

theorem

Introduction

Fundamental
solutons | 4 == em em em mm oem e e e e e e = e -

Boundary Integral
Equation

Boundary Element
Method

- . . . . . .
——
—

- . . . . . ..

Re-analysis and |
Interactivity

Demonstration

Enrichment

These solutions are due to Kelvin.
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Use of the Dirac delta function as the complementary load
case has given us a set of fundamental solutions from

Introduction which we can easily find u* and r*.
Reciprocal
theorem The choice of the Dirac delta function also removes the
Fundamental remaining volume integral in the reciprocal theorem
solutions statement:
Boundary Integral O |f bi = O
Equation ) ‘ , )
[ gl + / b ;S = / utidl + / W A0
Boundary Element JI 0 JT 9

Method

Re-analysis and
Interactivity

Demonstration [ h U, (AC) = [ A T —£ F 3 Ug (if{ — U; ({:) Cd

Enrichment
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Boundary integral equation

Treatment of the two volume integrals leaves simply:

(]

Tipw;dl’ = U;t;dl’ (*)
I I

ug (§) +

The last step in making this a boundary-only expression is
to move £ to the boundary, i.e. £ T.

This causes complications because, when & e T, r passes
through zero on the boundary causing both boundary
integrals to contain singular functions.
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Boundary integral equation

The integrals containing U,, are only weakly singular. The
integrals in 2D, for example, have a logarithmic singularity
and can be quickly evaluated using the logarithmic form of
Gauss-Legendre quadrature.

1 1 N
/_ In (?> f(x)dr ~ ; f () w;

1

There are other schemes — mostly involving coordinate
transformation — for evaluating weakly singular integrals.
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Boundary integral equation

The strongly singular integrals containing 7;, may be taken
in the Cauchy principal value sense (limit as radius p—0)
causing the introduction of a multiplier c,,.

Cile (L.f) Ul (5) + / 'TE';;'ILE' dl’ = / C-'Tﬂ;fidr
I' I'

We will now see
how this arises...
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Boundary integral equation

These integrals may be split into three parts:

r
S

\/{s

+
=2

/ Tipu;dl’ = lim { / Ti.-_;;u@;dl“}
r p—0 Jr—r.

+ lim {/ Ti (u; () — 1.&.;(5))(31"(;1‘)} —0

p—0

+ u; (&) lim {/ T?Lfff}
;‘r—rU F+
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For convenience we write the last term as:

Introduction . TR .
'1{-._;;(5) lim ledl" — (5) Uq (S)
Reciprocal -
theorem

Fundamental SO Cik = é;k + czik

solutions

Also define 8 coordinate:

Boundary Integral
Equation

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment
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Introduction On FS -
P r = pcosbe; + psinfes
theorem

dl'T = pdb
Fundamental
solutions T n = 1
B dary Int | o _ -
Equation 1 = COS 0
Boundary Element U ,2 — Sl 9
Method

ny = cost
Re-analysis and .
Interactivity no = Sin 9

Demonstration

Substituting these into the various T, terms allows the
Enrichment integrals to be calculated analytically, yielding «;, and then ¢,
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Worked example: ¢;, on a smooth boundary
Substituting the functions of » and n into 7, gives

Introduction

Reciprocal —1 2

theorem 11 (g) — / - _ (J_ — 2u -+ 2 Ccos 6') df:
1-1—_|— '—ln (J_ — I/ ) ,O

Fundamental :

solutions

_l 91—|—?T 2
Boundary Integral 11 (5) - A (l _ i’f} /{; (l — 2v + 2cos ‘9) df
1

Equation

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment
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Boundary integral equation

Worked example: ¢;, on a smooth boundary

| —1
&)= o)
1
11 8) = )
1) = 1 (I— )
S0

(1 —2v)6 4+ (6 + cos 951119)]3?”

-{(2 — 2v) 7 + cos (A1 + ) sin (A1 + 7) — cosfy sin by

{(2 —2v) 7 + sinfy cosfy — cos by sinb |

o 1
ar (§) = b

c,=0,+ a,=05

}
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Boundary integral equation

Generally the ‘free term’ or ‘jump term’ ¢, (&) is determined
by the angle S subtended by the material at ¢

b s

Cik = 5 7 9%

¢y = 0.75 g, c; = 0.25 0,

Still need to compute lim { / Tf_;,_-u_idr}
—T.

p—0

But.... much easier to use the row-sum method
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Introduction Boundary integral equation
Reciprocal
theorem - - ) , T .
Ci (&) up (&) + / Lipu;dl’ = / Upt;dl
Fundamental JI JI
solutions
Boundary Integral
Equation
werea” " | Analytical solution is possible only for the very simplest
. problems. We will proceed by discretisation, leading to the
mtoractivity Boundary Element Method itself.

Demonstration

Enrichment
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We discretise the boundary
into elements.

Introduction

Reciprocal
theorem

Fundamental
solutions

Boundary Integral | This provides:

Equation

o @ Nodal points and local interpolation to define an
y Element . . ) o
Hethod approximate solution, exactly like finite elements

Re-analysis and

Interactivity @ Convenient small portions of the boundary to
perform numerical integration accurately

Demonstration

Enrichment @ A set of node points on which to place &in turn to
provide a square system of linear equations
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Boundary elements share many essential characteristics
with finite elements:

7]
Introduction s'—-»
2

Reciprocal
theorem 1 n= 0

Fundamental
solutions

Boundary Integral
Equation

Boundary Element i\'rg (?}') = (l — ?}') (l ~+ ?'}')

Method

Re-analysis and

AT 7] :
Interactivity i'\'S (??) — E (?? + J-)
Demonstration 3

Enrichment
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Boundary element method

Discrete form of the boundary integral equation:

M M

Cir (&) u ( +Z/ Tipu;dl = Z/ Ut dl

m=1 m=1

Express u and ¢ in their interpolated forms over element m
M M

)+ ) / Tig Npuf™dl' = ) / Jie N2 dl

m=1 m=1

Cik ( Iﬂh

Remove vectors of nodal displacements and tractions from
the integrals:

M M
ci (&) ur (§) + ) / Tix Npdl ul™ =~ / JieN,dD t2™
m=1 m=1
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Boundary element method

M M

Cik ( HR ‘I‘ Z / Tir N (ﬂ: upm Z / Jik] pdr fpm

m=1 m=1

Transform boundary integrals to local coordinate system:

cig (&) ug ( —I—Z/ TixNpJ () dn u Z/ UirNpJ (1) dn 1“””

m=1 m=1

Evaluate this equation for £ at, say, node 1 and Dirac force
In x-direction:

PR T S I NS B N S N S A
c11 (1) uy + hyauy 4+ hyoug + hy suj + hy qus + hy suf + ...

1 1 2 2 3
= g11t] + 91215 + g1.3t7 + 91,415 +g151] + ...
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Boundary element method

c11 (1) -u} + !??..1?1-1.1} + f:r..l?g-u.% + f?.-l‘g'u% + f?..114-u.% + ﬂ..1?5-1¢.? + ...
= g11t] + 912ty + G137 + g1.ats + G157 + ...
Embed the free term ¢ into the others....
!’1.1?1-1.:% - !’1.1?2-1;,% — h..Lg-u.% -+ hlA-u% . !’1.135-1.1."% 4
= g1.1t] + g12t3 + G137 + 914t + 1587 + ...

...by defining for notational simplicity

!11-1;?‘-; — f?-f.h-j + 61', jCij (f)
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Evaluating the & and g terms for £ at each node in turn gives
Introduction H'?_J_' o (’\r i
Reciprocal _ L _ .
fheorem Q000000000 |u OC00000000O0| |t
. O00000000O0]| |ul O00000000O0]||t)
undamental % >
solutions Q00000000 O| |us O00O000000O0| |

O000000O00O0 O00000O0O0O0O0
T O000000O00O0 _|loooooooo0o0oO0

O00000000O0 : — |lO0O0O0O0O0O000O0
Boundary Element OCOO0OO0OO0OO0OOOO| Nowwe arereadytotalk 'O O OO
Hethod OO0 O0O0OOOO0 O gbout the row-sum method ' © © © O
Fo-analvais and ONONONONORONONONORY CRVRVRACACURCECONONONG,
ntoractivity loooo0o00o00O OJ LMTJ Lo 000000000 |t
Demonstration Matrix Of h Matrix Of g

coefficients coefficients
Enrichment
Unknown displacements Unknown tractions
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Boundary element method

For each row, prescribe either the displacement or traction

as a boundary condition, and column-swap to bring all

remaining unknowns to LHS...

ONONONONONONONONONG
ONONONONONONONONONG
ONONONONONONONONONG
ONONONONONONONONONG
ONONONONONONONONONG
ONONONONONONONONONG
ONONONONONONONONONG
ONONONONONONONONONGC
ONONONONONONONONONGC

OO0 00000000,

Matrix of » and g

coefficients

1"

Unknown disp’s & trac’s

O ONONONONONONONONG,
ONONONONONONONONONGC,
O ONONONONONONONONGC
O ONONONONONONONONG,
O ONONONONONONONONG
ONONONONONONONONONG,
ONONONONONONONONONG,
O ONONONONONONONONG
w O O0OO0OO0OO0OO0OO0OO0OO0O0

Matrix of 4 and

coefficients

OOOOOOOOOOI

Boundary conditions
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The whole right hand side is now known and can be
multiplied out leaving

Introduction

, Axr =0
Reciprocal — —
theorem

This can be solved either directly or iteratively.

Fundamental
solutions

Choice of solver is limited by asymmetry of A.

Boundary Integral
Equation

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment
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Now move ¢ off the boundary and into the material. We can
solve for the displacements at this internal point using the
Introduction equation (x) we developed part way through the derivation

U (5) +/T;_;,_-u.idl"' :/Lﬁ_;{ndl“
I I

soundary ntegrat | StrESS components at the internal point can be found from a
et derivative of this equation.

Reciprocal
theorem

Fundamental
solutions

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment




20
W Durham

University

ACME School
4th April 2011

Introduction

Reciprocal
theorem

Fundamental
solutions

Boundary Integral
Equation

Boundary Element
Method

Re-analysis and
Interactivity

Demonstration

Enrichment

Re-analysis and interactivity

One aspect of the BEM we are pursuing in Durham is re-
analysis leading to an interactivity to design analysis.

A typical problem in elasticity....

J

O

T

s Ta1ala]eIa]0I0]0I0T0I0]0I0IRISIOISIENS)

(B TE IS TS IS TS ST SIS TS ST S TS ST

...and its matrix A

O ONONONONONONONONE)
ONONONONONONONONONG)

O ONONONONONONONONE)
O ONONONONONONONONE)
ONONONONONONONONONE)
O ONONONONONONONONE)
ONONONONONONONONONC)
O ONONONONONONONONE)
ONONONONONONONONONE)
OO0 0000O000O0,
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One aspect of the BEM we are pursuing here in Durham is
re-analysis leading to an interactivity to design analysis.

Introduction

QJUUUUUUUUU [EISTS T TS TS

e Make a design change.... /\
...only a few nodes move...
Fundamental
solutions
Boundary Integral - Q
Equation P—
OC000@®@0 000 —
BoundaryEIement O O O O ‘ . O O O O SIS SIS SIS SIS TSI IS IS EIEIE]
Method
ethe CO00@®000O0
. OC000@@®@0 000
Re-analysis and
Interactivity 00 0000O0®O0OO
000000000
Demonstration coooeeoooo| --andsomerowsandcolumns
coooeeoooo| change,butmostofthe matrixis
Enrichment C00O0@®@@e@0000| the same as the last one.
0000@@e0000
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Surface fits for rapid approximation of integrals

Uy = 2.166(1+cos(26?))—8.9961n(r—’"j X107

L

Element length L

Ungr Surtace Fit
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We precondition a GMRES scheme with an approximate
complete LU decomposition.
Introduction
First analysis: LU-decomposition (save L and U)
thoorem Re-analysis: Use the full LU-decomposition of the original
system as a preconditioner for iterative solution
Fundamental
solutions of the perturbed system.
gco,ggggll;y Integral Perturbation Type
Preconditioner Internal Internal
Methoa Move Point | Move circle FiIIIEe)E[teRrgglze Fillet Fillet
Resize 1 Resize 2
Re-analysis and
Interactivity None 30 - 50 31-49 36 — 48 34-50 | 37-53
T —— Diagonal 39-53 36 —-47 36 —44 43 — 47 44 — 50
Full LU 217 2-9 3-9 3-13 311
Enrichment 0 c
Number of iterations to convergence
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Enriched approximation space

The shape functions form a Partition of Unity

>N (©)=1

We use this property to enrich using arbitrary functions
3
DN, O =y
j=1

If we know functions ythat populate the particular problem
solution space we can include them in our approximation
and obtain improved results .... Melenk & Babuska.



20
¥ Durham

University

Enriched dual BEM for fracture mechanics

ACME School
4th April 2011 . .
We can base an enrichment on the first order terms of the
Williams expansion for displacement components around a
crack tip
Introduction
M
e up(€) =D Na(©)up + Z Z Na(©uF (§) A7
a=1 a=1 [=1
Fund. tal Pax 0
| ad

WYi(p.0) = {\/E‘COH ( ) VP sin ( ) I
Boundary Integral

Equation .
A AN g\ .

Boundary Element \ﬁ) S (2 ) blll(f:})_. \/ﬁ COs (2) '0111(9) }

Method

Re-analysis and

Interactivity Remark: this is the same approximation space as used in
the XFEM (Moés, Dolbow, Belytschko) but in a BEM sense.

Demonstration

Enrichment
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Edge crack in finite plate

Introduction T T T ? T T T T

Reciprocal 10 ' ' i
theorem . w ]
CIr
Fundamental /0101 S
solutions IRt RS
E L e DBEM |
e )
< a 1] -
Boundary Integral ' H{i °
Equation L o
Boundary Element = 01} "+ Enriched BEM 1
Method = e ]
AR -
. a k T
Re-analysis and
Interactivity o
0.01} =
Demonstration . . ]
100 200 300 400

Enrichment DOF
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Enrichment

PU-BEM enriched basis for wave problems

The PUM multiple plane wave expansion for potential on an

element
J M

@(T) :ZNJ ZAjm ' -:::?

Jj=1 m=1

N
ook

3-noded boundary element
12 waves at the node J=3
M=12 7

‘?rbfm‘ =1
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Introduction @ BEM has been presented for elastostatics
problems
Reciprocal
theorem
R @ Body forces and non-linearity can be handled
solutions by further treatment not discussed here
Bounc{ary Integral
Equation @ Attractive for various classes of problem
Boundary Element ) . L. .
Metiiod @ Re-analysis leads to interactivity in stress
Re-analysis and analySIS
Interactivity
@ Enrichment of the approximation space can
pemonstration yield improved accuracy
Enrichment




